BAI GIANG GIAI TiCH 2 -NHOM NGANH 1 GV NGUYEN DINH BiNH

Chuong 1
U’NG DUNG CUA PHEP TiNH VI PHAN TRONG HINH HOC

1.1. U'ng dung trong hinh hoc phing
1.1.1.Phwong trinh ti€p tuyén va phap tuyén cia dwéng cong tai mot diém
a) Diém chinh quy
- Cho duong cong (L) xéc dinh bai phuong trinh £ (x,y) = 0. Diém M (x,, y,) dwoc
goi la diém chinh quy ctia dwong cong (L) néu ton tai cac dao ham riéng £,/ (M), f,, (M)
khong dong thoi bang 0 .
. L ) . L (x=x() ..
- Cho duong cong (L) xac dinh boi phuwong trinh tham sé {y = y(t) biém
M(x(to), y(to)) duoc goi la di€m chinh quy clia dwdng cong (L) néu ton tai cac dao
ham x'(t,), v’ (to) khéng ddng thoi bang 0.
- Mét diém khéng phai [a diém chinh quy dwoc goi la diém ki di.
b) Cdc céng thurc.
(1) Phuong trinh tiép tuyén va phap tuyén ctia dudng cong xac dinh bdi phuong
trinh f(x,y) = 0 tai diém chinh quy:
+Vecto phép tuyén 7 = {f/ (M), f, (M)} tai M.
+Tiép tuyén (d): i/ (M) - (x — x0) + fy(M) - (y — ¥0) = 0;
, o nN. X Xo _ Y= Yo
+ Phap tuyén (d )'f,é(M) = oy
Chu y: Trwong hop dac biét, dwong cong cho bdi phuong trinh y = f(x) thi phuong
trinh ti€p tuyén cbta duwong cong tai diém M(x,,y,) chinh quy la y—1y, =
f'(x0)(x — x,). Pay la cébng thirc ma hoc sinh d3 biét trong chwong trinh pho théng.
(2) Phuong trinh ti€p tuyén va phéap tuyén ctia duwong cong (L) xac dinh b&i phuong
x = x(t)
y=y()
+ Vecto Ti€p tuyén a = x’(to),y’(to) tai M.
x—x(ty) _ y—y(to)
(k) ¥'(t)
+Phép tuyén (d"):x'(to) - (x —x(t0)) +¥'(to) - (v — ¥(ts)) = 0,
Vi du 1. Viét phuong trinh tiép tuyén va phap tuyén vai duwong cong:
a)y = x3 + 2x? — 4x — 3 tai (—2,5).
b) y = e1™*" tai giao diém clia dudng cong véi duwdng thing y = 1.

trinh tham 56{ tai diém M(x(to),y(to)) chinh quy:

+Ti€p tuyén (d) :

x =t
o4 5 4 w@iAQR2)
Y=t

2 2 2
d) x3 + ys = as tai M(8,1).
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Vi du 2. (2018) Viét phuwong trinh ti€p tuyén va phap tuyén cdia dudong cong
{x = (t? — 1)e?
y = (t?+1)e3
1.1.2. D6 cong clia dwong cong
a) Binh nghia
Dinh nghia 1. M, M'|ahaidiém trén duwongcong (L). MT, M'T’1a 2 ti€p tuyén duong.
Ngudi ta goi d6 cong trung binh clia cung MM’ 13 ty s8 clia goc gitra 2 tiép tuyén duwong MT
va M'T’ vé&i d6 dai clia cung MM'. Ky hiéu C,,(MM"). Vay
Cop(MM") = % trong d6 <= |[MT.M'T’|.
Dinh nghia 2. Ta goi d6 cong cla dudng cong (L) tai diém M la gidi han néu cé clia d6 cong
trung binh C,, (MM") khi M’ tién dn t6i M trén dudng cong (L). Ky hiéu C(M). Vay
C(M) = lim Cep,(MM).

tai diém rng véit = 0.

Vidu 1.

+ D0 cong diém trén duwong thang bang 0.

+ DO cong diém trén dudng tron ban kinh R b§ng

1

X

b) Cdc céng thirc tinh dé cong cua du’o'ng cong tai mét diém.
e NEu dudng cong cho bdi phuong trinh y = f(x) thi:

ly"|
C(M) = 3
(1+y?)2
. g X =x(0)
e Né&u duong cong cho bdi phwong trinh tham so { (t)
COMY = |x |

(x4 y?)2
e Néu duong cong cho bdi phuong trinh trong toa do cuwc r = r(¢) thi:

|r? + 2r'%2 —rr”
3
(r2+71r'?)2

C(M) =

Vi du 2. Tinh d6 cong cua:
a) y = —x3 tai diém cé hoanh dé x = %
x = a(t —sin t)

b){
y =a(t—cos t)

x =3(t —sin t)
c) {y =3(1—cos t)

(a > 0) tai diém bat ki.

tai diém bat ki. (2024.3).

2

2 2
d) x3 + y3 = a3 tai diém bat ki (a > 0).
e)r = ae’®, (a,b > 0).
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Vidu 3.
a) (20173) Tinh d6 cong tai diém (ng vdi t = 0 cha dudng
{x = et + sint
y = et — cost
b) (20182) Tinh d6 cong cla dwdng y = 2x2 + 1 tai diém A (1,3).
Bai tap
1. (20172) Tinh d6 cong cla dudng y = In(sin x) tai diém &ng v&ix = % .
2. (20182) Tinh d6 cong clia dwong y = x3 + 2x2 + x tai diém &ng véix = 1.
3. Tinh dd cong cda duwong r= a(1 + cos @) (a > 0) tai diém &ng vdi ¢ = ri/2.
x =cost + tsint

y = sint — tcostta' diém ang voi t = .

4. (20172) Tinh d6 cong cGia duwong {

5. Tinh d6 cong cla dwong y = sin x tai diém M (%,73). Do cong |&dn nhat cda
dudng y = sin x bang bao nhiéu?
1.1.3. Hinh bao ctia ho dwéng cong phu thudc tham sé
a) Dinh nghia: Cho ho duwong cong (L) phu thuéc vao mét hay nhiéu tham sé. Néu
moi duwdng cong trong ho (L) déu tiép xuc vai dwdng cong (E) tai mot diém nao dé
trén E va nguoc lai, tai moi diém thudc (E) déu tdn tai mdt dudng cong cla ho (L)
ti€p xuc véi (E) tai diém d6 thi (E) duwoc goi la hinh bao cta ho dwéng cong (L).
b) Quy tdc tim hinh bao cta ho dworng cong phu thuéc mét tham sé
Dinh ly. Cho ho duongcong F(x,y,c) = 0 phuthudc mét tham sé c. Néu ho dudng cong
trén khong cé diém ki di thi hinh bao clia né dugc xac dinh bang cach khir c tir hé phuong trinh
F(x,y,c)=0
[z 0 )
Chu y. Néu ho dudng cong da cho ¢ diém ki di thi hé phuwong trinh (1) bao gdbm hinh
bao (E) va quy tich cédc diém ki di thudc ho cdc dudng cong da cho.
Vi du 1. Tim hinh bao cta ho duwdng cong sau:
a)y ==+c?%
b) cx? + c?y = 1;
c)y =c?(x—c)?.
1.2. Ung dung trong hinh hoc khong gian
1.2.1 Ham vécto
- Dinh nghia: Gia siv I 1A modt khodng trong R. Anh xa t € I - #(t) € R™ dugc goi la
ham vecto clia bién s6 t xac dinh trén R.
Néun = 3taviét 7(t) = x(O)I + y(O)] + z(Ok.
Dat M(x(t), y(t), z(t)). Quy tich M khi t bién thién trong I dugc goi la téc dé cla
ham vector 7(t).
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- Gidi han: Ngudi ta ndi ham vecto c6 gidi han 1a @ khit — t, néu tllrgl I7(t) —d| =0,
—lo
ky hiéu lim 7(t) =d.
t-’to
- Lién tuc: ham vector 7(t) Xac dinh trén I dugc goi la lién tuc tai t, € I néu
lim 7(t) =7(t,) (twongng tinh lién tuc clia cac thanh phan tuong tng x (t), y(t), z(t)).

t-’to

- Bgo ham: Gidi han, néu cé clia ty sb }lirr(l) % = ’llin% M duoc goi la dao ham cla
ham vecto'7(¢) tai to, ky hiéu 1 (t) hay -2 khi @6 tandi ham vector 7(t) khavitai to.
Nhén xét: néu x(t), y(t), z(t) kha vitai t,thi 7(t) cling khavitai t,va
r(to) = x' ()T + ¥ (t)] + 2’ (£o)k.
1.2.2. burong cong

x = x(t)
Cho duong cong (L) xac dinh bai{y = y(t) tai diém M(xy, vy, Zo) 1a mot diém
z = z(t)

chinh quy trén (L) (t6n tai cac dao ham x'(t,), v’ (to), 2’ (t,) khdng déng thoi bang 0.)
+ Phuong trinh ti€p tuyén tai M
x—x(ty) y—y(to) z—2z(t)
(d ): ! - [ - [
x(to) y (to) z'(to)
+ Phuong trinh phap dién tai M
x'(to)(x — x(t0)) + ¥ (to) Y — ¥ (to)) + 2 (o) (z — z(tp)) = 0
+ DO cong cua duong cong (L):

x' yl 2 yl 7! 2 7' X! 2
xll yn + yII Z” + Z” .X'”|
C =
(xlz + yIZ + Z/2)3/2
Vidu 1.
a) (20182CK) Viét phuong trinh tiép tuyén va phap dién clia dudng cong
X =tcos 2t
y =tsin2t taidiém &ngvéit=rm/2.
z =23t

b) (20232) Viét phuong trinh ti€p tuyén va phap dién clia duwdng cong x = et + 2t,
y =sin(t) +t,z =2t + 1, taidiém angvdi t— 0.
c) 20243) Viét phuong trinh ti€p tuyén va phap dién cha duong cong
x=2t,y=t*+1,z=1t3 taidiémM(2;2;1).
Vidu 2.
a) (20222) Tinh d6 cong cta dudng x = tet,y = et,z =t, tai diém M(0; 1;0).
b) (20182GK) Tinh dé cong tai diém M(1; 0; —1) cla duwdng la giao cla mét try
4x? + y? = 4vamat phang x — 3z = 4.



BAI GIANG GIAI TiCH 2 -NHOM NGANH 1 GV NGUYEN DINH BiNH

Vi du 3. Viét phuong trinh ti€p tuyén va phap dién cla duong cong

a) (20182GK) x = sint,y = cost,z = e?! tai diém &ng véi t = 0.

b) (20172GK) x = 4 sin2t,y = 4 cost,z = 2sint + 1tai diém M(1; —2+/3; 2).

Vidu 4.

a) (20182) Viét phuong trinh ti€p tuyén va phap dién cla dudng cong cho dudi dang
giao cla hai m3t cong x%2+y?+ z2=25va 4x + 3y + 5z = 0 tai diém
M(3; —4; 0).

b) (20182) Viét phwong trinh phap dién clia dudng cong x = sint, y = 3e”¢,

z = 3e’ tai diém M(0; 3; 3).

1.2.3. Trudng vo hudng, dao ham theo huéng

a) Truong vé huong

Ta n6i rdng mién 2 € R® ¢c6 trudng vé hudng u néu tai moi diém M € 2, dai
ludng v6 huéng u(M) nhan mét gia tri xac dinh. Nhu vay cho trudng vo huéng
trong mién 0 1a cho ham vé hudng u(M) xac dinh trong mién 2 do.

Vi du 1: Su phan bé nhiét d6 trong vat thé 2 tao nén trudng vé hudng trong vat
thé 2 d6, vi méi diém cla vat thé déu c6 nhiét d6 tuong (ing biéu thi bang mot s6.

Truong vO6 huéng ma gia tri cia ham s6 u khong phu thudc vao thdi gian t goi
la truong vé hudng dimg, nguoc lai la khéng dimg, G day ta chi xét trudng vo
huéng dung.

Tap hop tat ca cac diém M(x,y,z) € 2 mahamu = u(x,y, z) = C, Cla mét hang
s6 khoéng ddi, tao nén mét mat cong trong khéng gian, mét cong d6 goi la mét mc
(hay mét dang tri).

R& rang cac mat miic khac nhau thi khdng giao nhau va toan mién 2 dudc phi
bdi cac mat mic .

Vi du 2: M6t dién tich g duge dat tai goc toa do tao nén truong dién thé

q
u=
\/xz + y? + 72
Phuong trinh mat mic trong trudng dién thé la

2
d =C=>x2+y2+zz=q—=R2.

\/xz + y? + 22 c?

Cac mat cau tdm 0(0,0,0) ban kinh R 1a cac mat mdc va con dugc goi l1a mat
dang thé.

b) Dao ham theo huodng

Cho ham sé z = f(x, y) xac dinh trén mién DcR2. Trong muc truGc ta da xét cac
dao ham riéng theo bién x khi ¢6 dinh bién y va theo bién y khi ¢ dinh bién x,
trong muc nay cho ca x, y bién ddi ddng thdi theo moét huéng nao dé. Ching han
qua diém M, (x,,y,) ta v& dudng thang dinh hudng tao véi truc Ox mot goc 1a «,

véi truc Oy mét géc B = %— a
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A
N+ - M.
ol !
M, : E
O xO' X+ *

Hinh 1.1

Trén dudng thang d6 xac dinh modt véc to don vi la T = {cos a,cos B}
(cos a,cos B goi 1 cosin chi huéng clia 1), diém M(x, + 4x, yo + Ay) 1a mot didm
trén dudng thang (Hinh 1.1), thi MO—)M =p T trong d6 p = m néu W
cung chiéu vdi T va p = —/Ax? + Ay? néu M()—M ngudc chiéu Vi T

Dinh nghia 1. Ta goi gidi han
o LMD = f (Mo) Af

li = lim—
p—0 p p—0 p

(néu tén tai hitu han) la dao ham ctia ham sé z = f(x,y) theo hudng T tai diém
M, (xo, vo) Va ky hiéu % Nhu vay
f (My) li f(xo + Ax,y0 + Ay) — f (X0, Yo)
—— = lim ,

a1 p=0 p
Ta thay rang % khéng nhimg phu thudc vao diém M,(x,, v,) ma con phu

. R , -
thudc vao huéng [ .

Pac biét khi [ cling hudng clia truc Ox (khi d6 p = 4x), taco
df (My) li f(xo + 4%, ¥0) — f(x0,¥0) _ 0f (Mo)
— = {im = .

a l Ax—0 Ax ax

A Of R » R p ,
Vay dao ham riéng é la dao ham cua ham f theo hudng cua truc Ox. Tuong tu

a \ \ 2 \ Z 2
é la dao ham cua ham f theo huéng cua truc Oy.

g \ ) R " , N oen ~
Chuy. bao ham theo hudng | tai diém M, cua trwong vé hudng u thé hién téc

dé bién thién cia truwdng vé hudng u tai diém M, theo hudng _l)
Dinh Iy 1. Néu ham s6 z = f(x,y) kha vi tai diém M, thi tai di€ém do n6 c6 dao
ham theo moi hu’dng?vé
df (My)  0f (My) cos df (My)

= a+
07 0x dy

cos 3, (15)

trong do T = {cos a,cos (}.
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Chimg minh: Ham s6 z = f(x, y) kha vi tai diém M,, do do6
af (My) df (My)
Af = fF(M) = f(Mp) = ——— =4y +o(p),

Ax +
d0x dy
trong d6 o(p) 1a VCB bac cao hon p. Tacb Ax = pcosa,Ay = p cos 3, nén
df (M)  0f (Mo) af (My)
=S = cosa +
01l 0x
Chuyén qua gi6i han p — 0 ta c6 (15).
Chu y: DG&i v6i ham s6 ba bién s6 u = f(x,v,z), dinh nghia dao ham theo
hudng tuong tu ham s6 hai bién s6 va c6 cong thic
df (My)  0f (M) af (My) af (My)
co ~ co

= sa+ cosf +
a1 0x dy 0

cos f + o(p).

sy (15)

trong d6 cos a, cos 3, cos y la cosin chi huéng cla 7 trong khéng gian.

Vi du 1. Tim dao ham clia ham z = x? — xy + y? tai diém M(1;1) theo huéng
T=67+8 T trong dé 77 tuong Ung la cac vécto don vi cla truc Ox va 0y.

Vi du 2. Tim dao ham cla ham u = xy?z3 tai diém M (3;2;1) theo huéng véc
td MN Vi N(5; 4; 2).

1.2.4. Gradient cia ham sé

Dinh nghia 1. Cho ham s6 z = f(x,y) tai diém M,(x,,v,). Ta goi gradient clia
ham s6 f tai M, la véc to co céac thanh phan Ia

{af Mo) of (Mo)}
ox ' 0y

va ky hiéu mf(Mo) (doc la gdratdién cla f tai M,). Nhu vay

_— f (My)» Jf(M,) >
grad Fomy) =L ;x‘)) g (,Sy‘))j (16)

4 ﬁ _.) hY ’ Ve " il ’ by
trong do i, j la cac véc td don vi cua cac truc Ox va Oy.
D3i v6i ham ba bién sé u = f(x,y,z) taco

Of(Mg) » 0f(My) > 9f(Myp) -
Lty T (17)

trong do i 7 k la cac véc ta don vi cua cac truc Ox, Oy, 0z va co cac tinh chat
nhu ham sé hai bién so.
Cho trudng vé hudng u = f(x,y, z) trén mién 2. Néu ham vd huéng u = f(x,y, z)

grad f(My) =

kha vi tai didm M (x, v, z) € £, thi tai diém d6 c6 dao ham theo hudng 1 :
af (M) of (M) af (M) af (M)
= = cosa+———cospf +
91 0x dy 0z

cosy,

i e 2 -
trong d6 cos a, cos B, cosy la cosin chi huéng cua vecto [ .
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Ta goi gradient cta trudng v6 hudng u tai M 1a vecto c6 cac thanh phan 1a
ou(M) ou(M) ou(M)
ox ' oy = 0z

—_—
Ky hiéu grad u(M). Nhu vay

ouM)» Ju(M)-» oJu(M)-
. . "
ax ‘T oy Yoz

7z % _) % Y 7 7 . 2 z
trongdo i, j, k la cac véc to don vi cua cac truc Ox, Oy, Oz.

Tai méi diém M(x,y,z) € 2 cla trudng vd hudng u = f(x,y,z) c6 vecto

—_
gradu(M) =

grad u(M) tuong ing. T4t ca cac vecta do tao thanh trudng vects gradient.
Tu dinh nghia cla gradient, ta dé rang suy ra:

—_— —_—
1) grad (u; + u, —u3) = gradu, + gradu, — grad u;.
—_— —_—
2) grad (cu) = c grad u(c = const).
—_— —_— —_—
3) grad (uv) =ugradv + v grad u.
— e
4) grad f(u) = f'(u) grad u.
Theo cong thic (16), (17) ta co

af — - — > —
——(gradf,l)=|gradf||l|.cos<p=ch7gradf (18)

— =
l

, o - - - ., . — Lo

trongdd | =cosa i +cosf j +cosy k, ¢ lagocgiva grad fva [.

T (17) ta c6 mét s tinh chat clia dao ham theo hudng
1) Pao ham c6 gia tri 16n nhat tai diém (x,y) theo huéng cla vecto

. P e N Yy —
gradient tai diém do va bang |grad f|.
2) Daoham cb gia tri nhé nhét, 1a theo huding d6i clia vectd gradient va bang — | grad f |
Chuy.
Vé ﬁ \ n 7 v ~ . ~ ﬁ 7 A
(1) Theo huwéng [, treong vé hudng u tang nhanh nhat tai My néu [ cé cung
—
phuong, cung hudng véi grad u.
= , , =
(2) Theo hudéng [, truong vo hudng u giam nhanh nhat tai M, néu | cé
—_—
cung phuong, nguoc huéng véi grad u.
Vidu 1. Cho ham u = x2y?z2. Xac dinh grad u tai diém M(1; —1;3) va tinh dao
ham tai M theo hudng véc to T = MN véi N(0;1; 1).
Vi du 2. Cho ham u=x%+y% +23+4xyz. Xac dinh gradu tai diém

M(1;2;—1) va tinh dao ham tai M theo hudng véc to T = MN véi N(2;0;1).
Vidu 3.(2022) Tim hudéng ma tai M(—1;2; 1) ham sé f(x,y,z) = xyz gidm nhanh
nhat. Tinh dao ham theo huéng nay tai M .

10
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1.2.5. Mat
Cho mdt cong (S) xac dinh b&i phuong trinh f(x,y,z) = 0 tai diém M (x,, Vo, Zo)
13 mét diém chinh quy cla mat (S)
+Vecto phap tuyén {f; (M), f, (M), f; (M)} tai M.
+ Phuong trinh phdp tuyén tai M
(d):x_xo =y_3’0 =Z_Zo.
M) (M) f,(M)
+ Phuong trinh tiép dién tai M
P M) - (x—x0) + fy(M) - (v —yo) + (M) - (z—20) = 0.
Nhén xét: Néu mat cong cho b&i phuong trinh z = z(x, y) thi phwong trinh ti€p dién
taiM: (P):z—2zy= zy(M) - (x — x0) + z,(M) - (y — yo).
Vidu 1.
a) (2018) Viét phuong trinh tiép dién va phap tuyén cia mat cong x? + y? — e? —
2xyz = 0 tai diém P(1; 0; 0).
b) (2005) Viét phwong trinh tiép dién va phap tuyén clamat x2 +y2 — z2 =0
tai diém M(3;4;5).
c) (20242) Cho m&t cong S xac dinh bdi x? + 4y? — 9z2 = 0. Viét phuong trinh
tiép dién tai diém M(—2,+/10,2) va phap tuyén tai diém N(v/5,1,—1)
Bai tap
1.(2018) Viét phuwong trinh ti€p dién va phap tuyén tai di€m A(0;1;2) cla

sin x

mat z = 2ye
2.(20172 Viét phuong trinh tiép dién va phéap tuyén cla mat cong In(x? + 3y) —
223 = 2 tai diém M(1;0; —1).
3.(20182) Viét phuong trinh tiép dién va phap tuyén clia mat x2 + y2 — z2 = —1 tai
diém M(2;2;3).
1.2.6. Mot s6 mit bac hai trong khdng gian
Phuong trinh bac hai ba bién téng quat c6 dang
Ax? + By?+ Cz? + Dxy+ Exz+ Fyz+ Gx + Hy + Kz+ M = 0.
B&ng mot s6 phép bién ddi ta cé thé dua phuong trinh trén vé mét trong cac
dang sau day goi la dang chinh tic clia cac mat bac hai:
(1) Mat cau x* + y* + z? = R?, tam 0(0; 0; 0), ban kinh R (Hinh 1.14).
Mat cu cat cac mét toa do theo cac dudng tron
z=0=>x2+y2—Rz,y=0=>x2+zz=R2,x=0=>y2+22=R2.
(2)Mat eI:pxo:t— + + —=1,tdm 0(0; 0;0), a,b,c la cac ban truc (Hinh1.15).
Mat elipxdit cat cac mat t(_)a do theo cac dudng elip
x?  y? x2 72 y2 72

z—0=>—+ﬁ=1,y—0=>—+——1x—O:ﬁ+—=1.

11
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Hinh 1.14

y N S (g Ty \
(3) Mat paraboldit eliptic z = = + oz dinh 0(0;0;0), a,b la cac ban truc (Hinh

1.16).

Mat paraboléit eliptic cit cac mat toa do theo cac dudng parabol
xZ 2

_ _ _ _y
y=0=>z= P xXx=0>z= bz
Khi z = const > 0 thi thiét dién song song VOi mat phang Oxy 13 elip.
(4) Mat paraboldit hyperbdlic z = —= + (Hmh 1.17).

Mat paraboldit hyperbdlic cat cac mat tc_>a dc_) theo cac dudng parabol
2 2
y:OﬁZ:—%,XZO:Z:‘F%.

(L

Hinh 1.17

Hinh 1.16

2
(5) Mdt hyperboldit mot tang + Z j— = 1 (Hinh 1.18).
Mat hyperboldit mét tang cat cac mat toa d6 theo cac dudng sau
XZ 2 x2 ZZ y2 Z2

Z=:0:>a—+'——::1}’_()=>EE—-EE_'1Jx_'0:$EE'—EE_'1

2 ZZ

6) Mat hyperboldit hai tang — + Pl —1 (Hinh 1.19).

12
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,\<V

Hinh 1.19
Mat hyperboldit hai tang khéng cét mat toa dd z = 0, cét cac mat toa d6 x =

0, y = 0 theo cac dudng hyperbol

2 Z2 2 2

X VA
y=0$$—§= 1,X=0$ﬁ—§=1
L x? yr g2 .
(7) Matnon;+ﬁ—c—2— 0 ( Hinh 1.20).

(8) Mat tru bac hai

Xét mét cong (S) xac dinh bdi phuang trinh f(x,y) = 0, khong chia z. Trén
mat phang z = 0, phuong trinh f(x,¥) = 0 xac dinh dudng cong (C). M4t cong
(S) dudc sinh ra bdi dudng thang ( goi 1a dudng sinh) ludn song song Vi truc Oz
va tua vao dudng cong (C), (dudng cong (C) goi la dudng chuén). Mat cong (S)
goi la mat tru ding.

Tuong tu d6i vGi phuang trinh khdng chira x (ho3c y) xac dinh mat tru c6 dudng
sinh song song vdi truc Ox (hoac Oy).

Mt tru eliptic = +2 = 1 ( Hinh 1.21);

a2

2 2
Mt try hyperbdlic —= + 75 = 1 ( Hinh 1.22);
Mt tru parabolic z = = ( Hinh 1.23).

% N 24 .
N i T
y i
X 'y y y
X
X
Hinh 1.20 Hinh 1.21 p Hinh 1.22 Hinh 1.23

13
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TiCH PHAN BOI
2.1. Tich phan kép
2.1.1. Dinh nghia tich phan kép
Dinh nghia 2.1.1. Cho ham s6 z = f(x,y) xac dinh trong mién déng va gidi
néi D cla mat phang Oxy. Chia mién D mét cach tiay y thanh n manh nhd
D1, Dy,..., D, khdng giao nhau (D; N D; = ®,i # j). GoiAs; la dién tich cla manh
nhé D;. Trong mbi manh nhd D; 18y mét diém tay y M;(x;,y;). Lap téng

n
I, = Zf(xi»)’i)ﬂsi
i=1

goi la téng tich phan ctia ham sé f(x,y) trong mién D.

Hinh 2.1

Néu khin — o sao cho max d; — 0 (trong do d; ky hiéu dudng kinh cla D;, do
la khodng cach I6n nhét cia hai diém béat ky thudc D;) ma I,dan téi mot gici han
hitu han | khéng phu thudc vao cach chia mién D va cach 18y diém M; trong moi
manh D;, thi giéi han dé dudc goi la tich phén kép (tich phan hai I6p) ctia ham
s6 f(x,y) trong mién D va ky hiéu  [[ f(x,y)dS.

Nhuvay [[/ (S = tim Y £ n)As (1)
D i=1

maxd; =0

Ham s6 f(x, y) goi 1a ham dudi d&au tich phan, D la mién 14y tich phan, dS la
yéu t6 dién tich. Néu ton tai tich phan (1), thi ta ndi ham s6f (x, y) kha tich trong
mién D.

Vi tich phan kép khong phu thudc vao cach chia mién D thanh cac manh nho,
nén ta c6 thé chia D bang cac dudng thdng song song véi cac truc toa dd, do
d6 AS = Ax. Ay va ta cé thé thay dS = dxdy. Khi d6 ta thudng viét

J ] £x,y)dS = jf £ x,y)dxdy.

Ngudi ta chirg minh dudc rang néu ham sé f(x,y) lién tuc trong mién dong
va gidi ndi D thi n6 kha tich trong mién do.

14
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Y nghia hinh hoc cua tich phéan kép:

V= ffo(x,y)dxdy.

Trudng hop f(x,y) =1, Sp = [f, dxdy la céng thirc tinh dién tich mién phéng D.
2.1.2. Tinh chat cua tich phan kép
Tuong tu nhu tich phan xac dinh, tich phan kép ciing c6 cac tinh chat sau
1) [I,Uf Coy) + gCey]dxdy = [ f(x, y)dxdy + [[,, g(x,y)dxdy.
2) [[, kf (x,y)dxdy = k [[ f(x,y)dxdy, k 1a hang s6.
3) N&u mién D dudc chia thanh hai mién D,va D, (Hinh 2.2) khéng dam lén
nhau D = D; UD,,D, N D, = @ thi
[, fCeyydxdy = [f, f(x,y)dxdy + [f, f(x,y)dxdy.

D,

Hinh 2.2
4) Néu f(x,y) < g(x,y) vGi V(x,y) € D thi
I, f G yydxdy < [f, g(x,y)dxdy.
5)Néum < f(x,y) < MV6iV(x,y) € D, mva MIa cac hang so thi
mSp < ffD f(x, y)dxdy < MS),
trong d6 S, la dién tich ctia mién D.
6) (Dinh ly vé gia tri trung binh) Néu ham sé f (x, y) lién tuc trong mién déng
va bi chan D thi trong D tén tai it nhat diém (x,,y,) sao cho
ffD f(x,y)dxdy = f(x0,¥0)-Sp-
Cac tinh chat trén dudc suy ra ti dinh nghia tich phan kép.
2.1.3. Céach tinh tich phan kép trong hé toa do dé cac
1) Truong hop ham sé f(x,y) = 0 lién tuc trong mién D la hinh chif nhét
a<x<b c<y<d(Hinh23).

z=f{xy)
ARy

DT> S(x)
IIE d »Y

\

z

1
+
(g

[ (o Y

P o SEeEepeppap

RO ppipi

remim === =

-4

b2 ZZICTFC
[ A S

)
=N

1B

Hinh 2.3
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Theo y nghia hinh hoc cla tich phan kép thi ff f(x,y)dxdy la thé tich cla
hinh tru c6 day la mién D, mat trén 1a mat cong z = f(x,y), mat xung quanh 13
mat tru ¢ dudng sinh song song véi truc 0z.

Chu y. Trong phan (ng dung tinh thé tich bang tich phan xac dinh, ta c6

V= [ S()dx (2)
trong d6 S(x) la dién tich cla thiét dién vudng gbc véi truc Ox tai x € [a, b] cla vat
thé, do la dién tich clia hinh thang cong ABCD dudc tinh theo cong thic

d

S(x) = J, f(x,y)dy, (3)
(trong cdng thiic (3) ta coi x 1& hang s6) . Thay (3) vao (2) ta dudc

v=[ (S f@ydy)dx Hay [f, fey)dxdy = [ ([* fGoy)dy)dx.  (4)
Ta thudng ky hiéu | ( wic? y)dy) dx = [ dx [ f(x,y)dy.

Chui y: D3i v6i cong thitc (2) ta cé thé tinh vV = [ S(y)dy, (5)
trong d6 S(y) la dién tich cuta thiét dién vuéng goc vai truc Oy tai y € [c,d] clia
vat thé, dudc tinh theo cong thiic ~ S(y) = ff f(x,y)dx, (6)

(trong cong thiic (6) ta coi y la hang sé).
n d b d b
Vay Vv = [ (J7 f(xy)dx)dy hay [, f(xy)dxdy = [ (J) f(x.y)dx)dy. (7)
X . , b d d b
T (4) va (7) ta cod Jodx [ fCoy)dy=["dy [ f(x,y)dx. (8)
Cong thiic (8) goi la cdng thic d8i thir tu 14y tich phan (FUBINI).
2) Truong hop ham s6 f(x,y) = 0 lién tuc trong mién D

a) Néu mién D xac dinh bdi a<x<b,¢,(x) <y < @,(x), cac ham
@1 (x), P, (x) lién tuc trén doan [a, b], kha vi trén khodng mé (a, b) (Hinh 2.4).

%'/:ﬁ 3z}

N
~
L S

b i
¥y (x) Y, (x)
Hinh 2.4

[l foey)dxdy = [} SGodx, @) = [ f(x,y)dy.
[I, fGe.y)dxdy = [ dx [ £ (x,y)dy (9)

Trong céng thuc (9) khi tinh theo y ta coi x la hang sé .

16
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Chu y:Trudng hdp dudng cong y = ¢, (x) hodc y = ¢,(x) khéng ton tai
dao ham tai diém x = x, € (a,b), thi mién D dudc chia thanh hai mién D,

ffo(X, y)dxdy = fle(x, y)dxdy +f f(x,y)dxdy

D,

h_ D iDz

Ol a X0 b X

Hinh 2.5

b) Néu mién D xac dinh bSic <y < d,,(y) < x < ,(y) taco
[l fGe.y)dxdy = [ dy [32 f(x, y)dx. (10)
Cling nhu céng thic (9), trong cong thiic (10) la tinh theo x trudc, tinh theo y sau.
Chu y: Trudng hgp dudng cong x = ¥, (y) hodc x = ,(y) khong ton tai
dao ham y =y, € (c,d), thiD dudc chia thanh hai mién D; va D,
(D=D;uUD, D;nD, =) (Hinh2.6)va
[I, fGeyydxdy = [f,, f(x,y)dxdy + [f,, f(x,y)dxdy

ylk
d

Yo

C
O

=V

Hinh 2.6
3) Trudng hop ham f(x,y) < 0 lién tuc trong mién D cbng thite (9) va (10)

van dung.

Vi dy 1. Tinh tich phan I = [ dx [*(x — y)dy.

Vi dy 2. Tinh tich phan I = [f x*ydxdy, trong d6 D la mién phing gidi han
bdi cac dusngy = x%,x +y = 2,x = 0,(x = 0).

Vi du 3. D3i thir ty 18y tich phan sau I = [} dx [~ f(x,y)dy.

Vi dy 4. (20232) D3i thir tu 18y tich phan I = [* dy fy‘j_S £(x, y)dx.

Si

nx
dx.

X

Vi du 5.(B7) Tinh tich phan sau I = f01 dy fyl

17
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Chu y: Giasl f(x,y) = f1(x). f>(y) xac dinh trén mién D 1a hinh chi nhat
a<x<b,c<y<d thikhi d
If, f@y)dxdy = [f, (). ()dxdy = [} fi(0)dx. [7 f,(¥)dy.

Vidu 6. Tinh tich phan I = [ xy®dxdy, Dlamign 0<x<1, 0<y<1.

2.1.4. DGi bién s6 trong tich phan kép

a) D6i bién sé trong tich phén kép

Xét tich phan kép [, f (x,y)dxdy, trong d6 ham sO f(x,y) lién tuc trong
mién D déng, gi6i ndi. Thuc hién phép déi bién s6

x =x(w,v),y =yu,v). (11)
_)7 A%
A A
%) Y Hinh27 o >
ox a_x

_ D@y _ |ou av
D(u,v) a_y a_y
du OJv

Khidotacd [f f(x,y)dxdy = [f, f(x(wv),y(wv))|/|dudv. (12)

Vidy 1. Tinh tich phan I = [[ (x + y)(2x — y)dxdy, D la mién phang gi6i han
bdi —x<y<1l-x 2x<y<2x+1.

Viduy 2. (20243) Tinh tich phan I = [[ (2x* — 4y*)dxdy, D la mién phang gidi
hanbGi 1 <xy <4, x<y<4x.

b) Tich phan kép trong hé toa do cuc
Thuc hién phép déi bién s6 sang hé toa dd cuc

X =T1cos@
() = rsing: 0sr<+w, 0<q<om (13)

Dinh thiic Jacobi # 0 trong mién D".

%

v

O X
Hinh 2.8

khi d6 mién D clla mat phang Oxy trd thanh mién D’ (Hinh 2.8) trong hé toa dd
cuc giGi han bdi a < ¢ < B,11(p) <1 < 1,().

18
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. D(xy) |cos¢@ —Trsing .
Taco]—m— sing rcose =r.Vay
B r2(p)
j f(x,y)dxdy = j do j f(rcos@,rsine)rdr. (14)
D a r1(p)

Chu y 1: Xac dinh can clia mét sé mién D trong hé toa dd cuc
1) Géc cuc O (diém trong) ndm trong D (Hinh 2.9).

2m r(®)
j f(x,y)dxdy = j do f(rcos@,rsin)rdr.
D 0 0

2) Géc cuc O (diém bién) nam trén bién cla D (Hinh 2.10).

JI, f (o, y)dxdy = ff deo for((p)f(r cos @ ,rsin@)rdr.
3) G6c cuc O nam ngoai D (Hinh 2.11).
Khi d6 mién D dugdc xac dinh bGia < ¢ < B,1(p) <1 < 1,(@) va
JI, f o, y)dxdy = fﬂ do frz(((p(p))f(r cos @,r sin@)rdr.

y
A

r=r(p)

v

Hinh 2.10 Hinh 2.11

Chu y 2: Trudng hdp bién mién D ¢b phuong trinh r = r(¢) ton tai diém ¢ € (a, B)
ma tai d6 ham khéng kha vi thi tach mién D thanh D = D, U D,, D; N D, = ® nhu
trong trudng hop tinh trong hé toa d6 dé cac vudng goc.

Vi du 3. Chuyén sang hé toa d6 cuc tinh tich phan I = I, mdxdy, trong
do6 D la hinh tron x2 + y? < 1.

Vi du 4. Tinh tich phanl = [f (x* + y*)dxdy, trong d6 D la mién phang gidi
han bdi cac dudng y = v2x — x2,y = 0.

Vi du 5. Chuyén sang hé toa do cuc tinh tich phan

I=[f, Sm“x+y =2 dxdy, D lahinhvanh khan—<x +y? < 2.

Chu y: Trong tru’0ng hc_Jp bién ctia mién D la dudng elip hoac mét phan cla

2 2 2 A A’ .
dudng elip % + % = 1,ta c6 thé ddi bién x = arcos ¢,y = brsin¢e (15)
(toa d6 cuc mé rong). Khi dé mién D trd thanh mién D’ va J = 252 = gy
. - " . D( ¢)

Vidu 6. Tinh I = ffD\/l—z—z— —dxdy, D 1a hinh ellp +b2 <1
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Vi du 7.(20221) Tinh I = [f (2y + 1)dxdy, D la mién tam gidc véi cac dinh
(0,0); (1,1) va (0,2).
Vidu 8.(20222) Tinh I = [[ (|x| = |y| + (x —y)*)dxdy, D:|x| < 1,|y| < 1.
Bai tap
1.(20201) Tinh I = ff xydxdy, D la miéngi¢ihanbéi y =0,y = xvax = 1.
2.(20201) Tinh I = [f (x +y)dxdy, Dlamién (x—4)*+y*><1,y=0.
3.(20182) Tinh I = [ (y* —x*)dxdy, Dla mién 0 <2y <x?+y? < 2x.

4.20173) Tinh I = [f (x* — y*)dxdy, Dlamién x = /1 —y?x = 0.
5.(20172) Tinh tich phén I = [f |x + y|dxdy, Dla mién x?+y* < 1.

6.(20172) Tinh tich phan I = []dy [, e*"dx.
7.(20161) Tinh I = ffD xydxdy, D |a mién gi¢i han boi x =y —4,x? = 2y.
8.(20162) Tinh I = ff —

1+x+y
2.1.5. Ung dung hinh hoc cua tich phan kép
a) Tinh thé tich cua vét thé
V= [ |f(xy)ldxdy. (17)
Chui y: Trong trudng hap mién 2 giéi han bdi mat trén z = £, (x, y) va gi6i han
bdi mat duGi z = £, (x,y), (fi(x,y) < f2(x,v),V(x,y) € D), tacé
V= [[,[f206y) — fu(x,y)]dxdy. (18)
Mién D 1a hinh chiéu clia mién Q2 1én méat phdng Oxy.
Vi du 1. Tinh thé tich vat thé gi6i han bdi 0 < z < 4 — x? phan ndm trong tru
tam giac c6 phuong trinh 2x +y =4,x =0,y =0,z = 0.
Vi du 2. Tinh thé tich cla vat thé gidi han bdi cac mat Z = x? + y%,y = x2,
y =1,z =0 (hinh 2.12).

dxdy,D la mién gidi han boiy = 0,y = x vax = 1.

Hinh 2.13
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Vi du 3. Tinh thé tich cta vat thé gidi han b6i x2 +y?2 <z <2 —x? — y?
(Hinh 2.14)

k<V

Hinh 2.14

Vi du 4. (20243)Tinh thé tich clia vat thé gi6i han bdi cac mat
x2 yZ x2 yz
Z—O,Z—T'F?, T+?—x.

Vi du 5. (20232) Cho 2 gidihan bdicacmatz? =54 x2 4+ y? vaz = 3. Tinh thé
tich khoi 0.

b) Tinh dién tich cia mién phang

TU dinh nghia clia tich phan kép, ta c6 dién tich S cla mién phing D dudc
tinh theo céng thic

Sp = J[, dxdy. (19)
Chu y: Néu mién D trong hé toa do cuc dudc xac dinh bdi
as@=p, np)sr=rne

thi dién tich cia mién D la

B r2(¢)
Sp = ff rdrde =f dgof rdr. (20)
D , e r1(@)
Vi du 6. Tinh dién tich cia mién phang giGi han bdi cac dudng
y=x%y=x.

Vi du 7. (20242)Tinh dién tich cGa mién phangD ndm trong dudng tron x2 +
(y — 1)2 = 1 va phi trén dudng parabol y = v2x2 + 1.

Vi du 8. Tinh dién tich cGia mién phing gi6i han bdi cac dudng
y=2—x7y%=4x+ 4.

Vi du 9. Tinh dién tich cGia mién phang D gidi han cac dudng lemniscate

r=a,/sin2¢,a>0.
Vi du 10. (20243) Tinh dién tich ctia mién phang D gi6i han bdi
x2+y?=2y, x*+y?’=4x, y=x,  x=0.

Vi du 11. (20232) Tinh dién tich cGa mién phang gi6i han bdi

9x2 — 4xy + y? < 4.
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¢) Tinh dién tich cua mat cong

Gié s khi can tinh dién tich ciia phan mat z Sﬁ z=f(5))
cong S c6 phuong trinh z = f(x,y) don tri s
va cb hinh chiéu Ién mat Oxy la mién phing D

kin va gi6i ndi (Hinh 2.15). Dién tich cla mat o—F—— ——
cong S dugc tinh theo cong thic x/ w
Hinh 2.15
af\?2 af\>
S.= I, J 1+(2) + (5) dxdy. (21)

Vi du 12. Tinh dién tich clia phan mat paraboldit z = 1 — x? — y? nam trong
hinh tru x? + y2 = 1.

Vi du 13. (20222) Tinh dién tich clla phan mat phang z = 1 + 2x + y trén mién
bichdn y = x?,x = y3.
Bai tap

1.(20172) Tinh thé tich clia vat thé gi6i han bdi z = 1 + x% + y? , mat tru x? +

4y? = 4 va mat phang Oxy.

2.(20172) Tinh thé tich cGia mién gi6i han bdi cacmat z =0, z = 1+ x% + y? va

mat 4x? + y? = 4.

3.(20192) Tinh thé tich clla mién D xac dinh b&i 1 <z <./5—x2 — y2,

4.(20182) Tinh dién tich cGla mién D gidi han b&i x? = y,x? = 2y, xy = 2, xy = 4.

5.(20182) Tinh dién tich cia mién phang D gi¢i han b&i (x? + x2)% < 2x2%y, x > 0.

6.(20172) Tinh dién tich clla mat paraboloid x = y? + z? thdaman x < 1.

7.(20192) Tinh dién tich clla mat paraboloid z = 4x — x2 — y?nam phia trén mat

phang Oxy.

2.2. Tich phan boi ba

2.2.1. Binh nghia tich phan boi ba

Dinh nghia 1. Cho ham s6 f(x,y,z) xac dinh trong mién déng va giéi néi
cla khéng gian Oxyz. Chia mién  mét cach tuy y thanh n mién nhé 04,0,,...,2,
khéng giao nhau. Goi AV;la thé tich cia mbi mién nhé ;. Trong mbi mién nhd
0; 18y mét diém tay y M;(x;, y;, z;). Lap téng tich phan

I, = Yioq f (i, v, 2) AV

Néu khi n — o sao cho maxd (2;) —» 0 ( trong do d(£2;) ky hiéu dudng kinh
cta £;, do la khodng cach I6n nhét cla hai diém béat ky thubc ;) ma I,,dan téi
moét gici han hitu han | khéng phu thudc vao cach chia mién Qva cach I8y diém
M; trong mbi mién nhé 0, thi gici han do dude goi la tich phan béi ba ctia ham
s6 f(x,y,z) trong mién 2 va ky hiéu [[[ f(x,y,z)dVv.
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n

Nhu vay J;J;If(x,y,z)dl/ :maxc}%gt)ﬁ();f(x”yi,Zi)AVi . (1)

N&u tich phan (1) ton tai thi ta n6i ham s6 f(x, y, z) kha tich trong mién (.

Khi tich phan bdi ba ton tai thi khong phu thudc vao cach chia mién 2 thanh
cac mién nho, nén ta co thé chia 2 bang cac mat phang song song v3i cac mat
phang toa do, do d6 AV = Ax.Ay.Az va ta co thé thay dV = dxdydz,nén

o f ey, 2)dv = f{f, f(x,y, z)dxdy dz. (2)

+Ngudi ta chiing minh dugdc rang néu ham sé f(x,y,z) lién tuc trong mién
dong va gidi ndi 2 thi n6 kha tich trong mién do.

+Tich phan bdi ba ciing c6 cac tinh chat tuong tu nhu tich phan kép.

2.2.2. Cach tinh tich phan bdi ba trong hé toa dd dé cac

Cho mién 2 dudc gi6i han bdi cac mat z = z,(x,y) va z = z,(x,y), (z1(x,y) <
z,(x,y)) trong d6 cac ham z, (x, y), z,(x, y) 1a nhimg ham sd lién tuc trong mién
D; D | hinh chiéu vudng gbc cla mién 2 1én mat phang Oxy.

Tacd

[If, f Gy, 2)dxdy dz = [[, (720 f(x,y,7)dz) dxdy =

[f, dxdy [/ £ (x,y, 2)dz.

Ciing nhu tinh tich phan kép, khi tinh theo z thi ta coi x, y 14 hang sé va dan
dén tich phan kép trén mién D . Ch&ng han mién D dugc xac dinh bdi
asx=<b y(x)<y=<y,(x)

thi
b Y2(x) z2(xy)
[[[rermaryaz= [ ax [ ay[ " peyadz @
0 a y1(x) z1(x,y)
, , , A _ dxdydz z N ‘R 'z
Vi dy 1. Tinh tich phan I = [[f Trrayis trong d6 2 la mién dudc gidi han

bdi mat x +y + 2z = 1 va cac mat phang toa dd x =0,y =0,z =10.
Vi du 2. (20232)Tinh tich phan I = [f[ dxdydz

1+z7 '’
2={(xy2)]0<x< ,0<y<x,Yx<z< 1}

Vidy 3. Tinh tich phan I = [f[ (x* + y*)dxdydz, trong d6 £ la mién dugc gioi
han bdi cac mat 2z = x2 + y%,z= 2.

Vidu 4. (B26) Tinh tich phan I = [ff xdxdydz, 2 1& mién dugc gidi han bdi cac
maty+z=1,y=x%2z=0.

2.2.3. Pdi bién sd trong tich phan bdi ba

a) D6i bién sé trong tich phén bdi ba

Xéttich phan ([ f(x,y,z)dxdy dz, 4)
trong d6 ham sé f(x,y, z) lién tuc trong mién (.

trong d6 2 1a mién
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Thyc hién phép doi bién s6
x=x(uw,v,w),y=yu,v,w),z=z(uuvw).
Gia s :
1) Cac ham sé x = x(u,v,w),y = y(u,v,w),z = z(u,v,w) cung cac dao
ham riéng cdp mot cla né lién tuc trong mién dong 2’ clia khong gian O'uvw.
2) Cac ham s6 x =x(u,v,w),y = y(u,v,w),z = z(u,v,w) xac dinh su
tuong Gng mot-mot (song anh) gitia cac diém clia mién 2 cla khéng gian
Oxyz va cac diém cla mién 2’ cla khéng gian O'uvw
|9 9x  9x)
-  bys) oy oy oy L
3) Dinh thic Jacobi] = ﬁ = ?,_u g—v aa—w # 0 trong mién Q".
zZ zZ zZ

aﬁaw

Khi dé tich phan (4) dugc tinh theo cong thic
ff f(x,y,2)dxdy dz = fff f(x(u,v,w),y(w,v,w), z(u,v,w))|/|dudvdw. (5)
0 or

Vi dy 1. (B27) Tinh I = [ff (x +y)(x —y)(x + 2y — z)dxdydz, trong d6 2 la
mién dudcxac dinhbdi0 < x+y<1l,x<y<x+2,z+1<x+2y<z+3.

b) Tich phan bgi ba trong hé toa d¢ tru

Diém M(x,y,z) trong khéng gian Oxyz cb toa do tru la (r, ¢, z), trong do6
(r, 9) la toa d6 cuc cla diém M'(x, y) hinh chiéu vuéng gbc ctia diém M lén
mat phang Oxy (Hinh 2.16).

ZA
\?M
Oy &ty
x ¢ \\(:)Mi
Hinh 2.16
Cong thic lién hé gilra toa d6 dé cac va toa do tru la
X =1CosqQ 0<¢p<2nm
{yzrsinq) vGi { 0<r<+w (6)
zZ=1Z -0 <z < 400

Dinh thic Jacobi clia phép bién ddi trén la J = r. Khi d6 ta c6
Wl f ey, 2)dxdy dz = [ff,, f(rcos @,rsing,z)rdrdpdz.
Vi du 2. Tinh tich phan I = [[[ z/x? + y2dxdydz, trong d6 2 la mién dudc
gi6i han bdi mat tru x2 + y2 = 2x va cac mat phang z = a,z = 0,a > 0.
Vi du 3. (20222)Tinh tich phan I = fffv xdxdydz, trong d6 V la vat thé bj chan

bdicacmatz=x%2+y?—1,z=,/1—x2—y2,
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Vi du 4. (20242)Tinh tich phan I = [ff (x? + 2y*)dxdydz, trong d6 V 1a mién
phia trong mat cdu x? + y2 +z%2 =4 vamattry x?>+y%2=3.

Vidu 5. (B28) Tinh tich phan I = [ff (x* + y*)dxdydz, trong d6 2 1a mién dugc
gi6i han bdi cac mat 2z = x2 + y?,z = 2.

c) Tich phdn bgdi ba trong hé toa doé cau

Diém M(x,y,z) trong khéng gian Oxyz c6 toa dd cau l1a (p, ¢, 8), trong dd
p la do6 dai cla véc to oM : @ 1a goc gilta chiéu duong cla truc Ox va oM’ (M’
1a hinh chiéu vudng goc ctia M 1én mat phang Oxy); 6 1a goc gilta chiéu duong

2 . T N
cua truc Oz va OM (Hinh 2.17). N
z
M
A
0 p
P
O,
X Q oM’
Hinh 2.17
Cong thic lién hé gilta toa dd dé cac va toa do cau la
X =pcospsinb 0<¢p<2nm
y=psingsing voi { 0<6<rm (7)
z=pcosb 0<p<+oo.

bang phép bién déi trén thi dinh thiic Jacobi 1a | = p? sin 6. Khi d6 ta c6
o f ey, 2)dxdy dz =
/Il f(pcossind,psingsing,pcosf)p?sind dpdpds. (8)

Vidu 6. Tinh tich phan I = [ff xyzdxdydz, trong d6 2 la mién dudc gidi han
bdi m&t ciu x2 + y? 4+ z2 = 1 va cac mit phang toa dd x = 0,y = 0,z = 0, (trong
g6c phan tam thir nhat).

Vi du 7. (20243) Tinh tich phan I = [ff z\/x? + y?dxdydz, trong d6 2 la nira
2

72

2
bl +Z<1,z=0.

khéi elipxoit =
Vi du 8.(829) Tinh I = [f[/x? + y%dxdydz, 0 |a mién gi6i han bdi mat cau
z=,/1—x%—-y%2va matnénz=,x?+ y2.
Chu y. Vi du 8 c6 thé giai bang cach ddi bién sang hé toa dé cau hoic hé toa do tru.
2.2.4. 'ng dung cua tich phan bdi ba
a) Tinh thé tich cua vét thé
Thé tich V cla vat thé chiém mién 12 trong khoéng gian 1a

V=jﬂndxdydz.
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Vi du 1.(20233) Tinh thé tich ctia vat thé V dudc gidi han bdi
0<x<1,0<y<x,0<z<xy.

Vi du 2. (20232) Tinh thé tich phan hinh cdu 2: x% + y2 4+ z2 < 4 ndm trong mat
nén z =,/3(x%2 +y?).

Vi du 3. (B31) Tinh thé tich clia vat thé 2 dudc gi6i han bdi mattru x2 + y? = 4
va cac mat phing x +z = 2,x = 0,y = 0,z = 0 (trong goc phan tam th{ nhat)

Vi du 4. (B32) Tinh thé tich cGa vat thé 2 nam gitamatnén z = \/x2 + y2 va
mat paraboloit z = x? + y? .

b) Tinh khéi luong (tham khdo)

Néu p(x, v, z) la khéi lugng riéng clia vat thé 2 tai diém M(x, y, z) thi khéi

lugng clia vat thé d6 la
m= fff p(x,y,z)dxdy dz.
0

Vi du 5.(B33) Tinh khéi lugng cla hinh lap phuong 2:0<x <a, 0<y <q,
0 < z < a biét mat do tai diém (x,y,z) la p(x,y,2) = x +y + z.
Bai tap:
1. (20201) Tinh tich phan I = [[[ (x* + y*)dxdydz, trong d6 2 la mién dudc
gi6i han b&i matcau x2+y2+2%2<9, Jx2+y2<z.
2. (20192) Tinh tich phan I = [ff_ /x? + y? + z2dxdydz, trong d6 2 |a mién
dudc giGi han bGi x2+y?+22<4,2z>0.

3.(2019) Tinh [ = [ff, ==X, V Ia mién gi6i han bdi 0 x < 1,0 <z <x,
0<y<z

4.(20192) Tinh I = [f[ (z+ 1)dxdydz, 2 |a mién dudc gi6i han bdi x* +
y? +z? < 2z.

5.(20192) Tinh 1= [ff, xi’fyyfz , V 1a mién dudc gi6i han bOi

Jx2+y?—-1<z<1.

6.(20182) Tinh tich phéan I = [ff zdxdydz, v 1& mién dudc gi6i han bdi
(x + 2y)% + 4z? = 1 trong géc phan tdm th nhat va cdc mit phang toa do.
7.(20182) Tinhtich phan I = [[f x\/y? + z2dxdydz, V 1a mién dugc gi6i han
bdi y24+z2<x?+1 0<x<+3t

8.(20173) Tinh tich phan I = [ff z°dxdydz, 2 lakhdi cau x* +y? + z* < 4.
9.(20172) Tinh tich phén I = [ff, xzdxdydz,V la mién théa man x? +y* +
z? —2x —2y—2z< —2.
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Chuong 3
TiCH PHAN PHU THUOC THAM SO

3.1. Tich phan xac dinh phu thudc tham sé

3.1.1 Pinh nghia

Xét tich phan xac dinh phu thuéctham s6: I(y) = f;f(x, y)dx trong dé f(x,y)
kha tich theo x trén [a, b] v&i mdiy € [c,d]. R& rang tich phan dy phu thudc .

3.1.2 Céc tinh chat cha tich phan xac dinh phu thudc tham sé.

a) Tinh lién tuc

Dinh ly 1. Néu f(x,y) laham sé lién tuc trén [a, b] X [c,d] thil (y) la ham s6
lién tuc trén [c, d]. Tuc la:

b b
lim 1(y) = (o) © lim j f O y)dx = j £, yo)dx.
Y—Yo Y—Yo

b) Tinh kha vi

Dinhly 2. Giaslrvéimdiy € [c,d], f(x,y)|lahamsé liéntuctheo x trén [a, b]
va ', (x,y) la ham s lién tuc trén [a,b] X [c,d] thi] () la ham s6 kha vi trén
(c,d) va

b
I'y) = ff’y(x,y)dx

hay ndi cdch khac ta cé thé dwa ddu dao ham vao trong tich phan.
c) Tinh kha tich
Dinh ly 3. Néu f(x,y) la ham s6 lién tuc trén [a, b] X [c,d] thi I (y)la ham so
kha tich trén [c,d] va:
d d /b b /d
[ 103ay = [ | [ reyax |ay = [{ [ feuray |ax
a a Cc

c c

Vidu 1. Khao sat sy lién tuc cla tich phan I(y) = fol gg)z dx,véi f(x)laham

s6 duong, lién tuc trén [0, 1] .

1 y2_x2

Vi dy 2. Xét tinh lién tuc ciia ham s6 1(y) = [, T dx.

Vidu 3. Chohamso I (y) = f_ll \/x‘* + x? + y*dx , Xét tinh lién tuc cda I (y).
Tl d6 tim gidi han lir%l ().
y—)
Vidu 4. Tinh tich phan [ = fOT/Z In(1 + ysin?x)dx, véiy > 1.
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Vidu 5. Tinh tich phan [,(a) = fol x*In™xdx, n 1a s6 nguyén duong.
Loi gidi. — V&i méi a > 0, ham s6 f, (x,a) = x%In"x,n = 0,1,2,... lién tuc
theo x trén [0, 1];

— Vi lim x%In™*lx =0 nén D _ sapniiy iap tuc trén [0,1] x
x—0*t o
(0, +0).
Nghia la ham so f,, (x, @) = x%In"™x thod man cac diéu kién cGa Pinh ly nén:
1 1 4 1
I'_1(a) = jx“ln"‘lxdx = ja(x“lnn_lx)dx = jx“ln”xdx =I,(a)
0 0 0

Tuongty: I'ny = Ly, I'y = I'o , = Iy(a) = (Io(a)) ™.

(n) —1)n!
Ma Iy(a) = fol x%dx = — =>[ (a) = (L) _ (O™t

a+1 - a+1 a (a+1)n+1'
3.1.3 Tinh chat ctia tich phan phu thudc tham sé véi can bién dai.
Xét tich phan phu thudc tham s6 vdi cin bién doi
b(¥)
JO) = | feydx v € ledlia < aGlbO)< byy € [odl

a(y)
a) Tinh lién tuc

Dinh ly 4. Néu ham sé f(x,y) lién tuc trén [a,b] X [c,d], cdc ham sé
a (y),b () lién tuc trén [c, d] va thod médn diéu kién a < a (y),b (y) < b,
Vy € [c,d] thi J(y) la mét ham sé lién tuc déi vai y trén [c, d] .

b) Tinh kha vi

Dinh ly 5. Néu ham s6 f (x,y) lién tuc trén [a, b] X [c,d], f',(x,y) lién tuc trén
[a,b] X [c,d] va a (y),b (y) khé vitrén [c,d] va thod mén diéu kién a < a (y),
b(y) < bVy € [c,d] thi] (y) la mét ham sé kha vi déi vdi y trén [c,d], va ta
Co:

b(y)
JOY= [ £+ FBO)Y-P0) - f@)).ay o)
a(y)
Vidy 1. Tim lim [ dzx .
y—0"-Y 1+x4+y

Vidy 2. Tim gi¢i han lim fyg sin(x?y + 2x + y?) dx.
y—)
Vidu 3. Cho I(y) = fyl sin(x? + xy + y?) dx. Tinh I'(0).

Vidu 4. Chohamsé I(y) = fg%dx. Tinh I'(1).
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Vidu 5. Cho I(y) = fogln (1 — ycos?x)dx. Chitng minh I(y) kha vi véi y < 1,
tinh I'(—1).

, . . cos3y 1
Vidu 6. Tim gi¢i han lim | . ————dx.
y—0 7SIy  3+42xy“+x

Vi dy 7. Khao sét tinh lién tyc va kha vi cia I(y) = [ xjf:‘yz .

3.2. Tich phan suy réng phu thudéc tham sé

3.2.1 Cac tinh chat cda tich phan suy rong phu thudc tham sé.

Xét tich phan suy rong phu thudc tham s6 I(y) = fa+°°f(x, y)dx,y € [c,d].
Cac két qua dudi day tuy phat biéu ddi véi tich phan suy réng loai Il (cé can vd
cung) nhwng déu cé thé dp dung mot cach thich hop cho trwdng hop tich phan suy
rong loai | (c6 ham dudi dau tich phan khéng bi chan).

a) Dinh nghia

Ta noi:

+Tich phén suy réng 1(y) = fa+°°f(x, y)dx héi tu déi véi y € [c,d] néu
bl—1:>7:|-rloo I,(y) = 1(y), trong dé I,,(y) = fff(x, y)dx, b > a. Tucla:

+00

Ve > 0,3B >0saochob >B => |[I(y) - I,(¥)| < & hay ff(x,y)dx <e¢
b

(NGi chung sé B phu thuéc e vay € [c,d]).

+Tich phén suy réng 1(y) = f;oo f(x,y)dx héi tu déu déi vdi y € [c,d] néu
Ve > 0,3B > 0, sé B chi phu thudc ¢,(khéng phu thuéc y € [c,d]) sao cho b >
B => fb+°°f(x, y)dx| < evdiy € [c,d]

b) Tiéu chuén héi tu Weierstrass

Dinhly 6. Néu | f (x,y)] < g (x) V(x,y) € [a,+) X [c,d] va néu tich
phdn suy réng I(y) = fa+oo g(x)dx héi tu, thi TP suy réng I(y) = fa+oof(x, y)dx
héi tu déu déivdi y € [c,d].

Vidu 1. f0+oo%dx héi tu déu véi Vy € R, vi

cos(yx)
1+x2%+y?

1 .
= zV0i VYER

. o 1 N
va fo 1erzdx hoi tu.

c¢) Tinh lién tuc

Dinh ly 7. Néu ham sé f (x,y) lién tuc trén [a, +0) X [c,d] va néu tich phén
suy réng I(y) = f:oo f(x,y)dx héi tu déu déiveiy € [c,d]thil (y)la mét ham

s6 lién tuc trén [c, d].
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d) Tinh kha vi

Dinh ly 8. Gid sir ham s6 f(x,y) xdc dinh trén [a, +) X [c,d] sao cho vdi mbi
y € [c,d], ham s6 f (x,y) lién tuc déi véi x trén [a, +o0) va f'),(x,y) lién tuc trén
[a, +0) X [c,d]. Néu tich phén suy réng I(y) = fa+°° f(x,y)dx héi tu va
fa+°° f'y(x,y)dx héi ty déu déivdiy € [c,d] thil(y) lad ham sé kha vitrén [c,d] va

I'y) = j f',(x,y)dx.

e) Tinh kha tich

Dinh ly 9. Néu ham sé f(x,y) lién tuc trén [a, +) X [c,d] va néu tich phén
suy réng 1(y) héi tu déu doéi vdiy € [c,d] thi I(y) la ham sé kha tich trén [c,d]
va ta ¢ thé déi thur tw I8y tich phén theo cong thirc:

fdl(y)dy=fd Tf(x,y)dx dy=r df(x.y)dy dx.

. 6
Vi du 2. Cho hams8 I(y) = fo+oo Sml(fx:iijm

dx. Chirng minh ham s6 I(y)
lién tuc va kha vi trén R.
3.2.2 Cac dang chinh tinh tich phan suy rong
Dang 1. Tinh tich phén suy réng phu thuéc tham sé bdng cdch déi thir tw Idy tich phén
Gia st can tinh I(y) = fa+°°f(x, y)dx:

Budrc 1. Biéu dién f(x,y) = fcd F(x,y)dy;
Budc 2. S&r dung tinh chat d6i tha tw |18y tich phan:

1) = [ feoyddx = 77 ([ F e y)dy) dx = [2(J F(x, y)dx)dy.

Chu y: Phai kiém tra diéu kién ddi thi ty 18y tich phan trong Pinh ly déi vdi tich
phan suy rong ham sé F(x, y).
Vidu 1. Tinh cac tich phan sau:

ax

0o p—0X_,—bx
a) f0+ %dx, a,b>0;

+00 e—axz_e—bx2
b) [ ———dx, ab>0;

22
+00  _ .. Sinbx—sincx
c) I:f0 e “"fdx, a,b,c> 0;

1xb—xa

d) fO Inx

+00 g =¥ 3%
e) J, —dx.

dx,0<a<b;
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Vi du 2. Dung phuong phap 1y dao ham dudi dau tich phan, tinh f

+o0 g~ ax

Vi du 3. Tmhf %dx,a,b >0 .

Dang 2. Tinh tich phén bdng cdch dao ham qua ddu tich phén.

Gia st can tinh I(y) = fa+°°f(x, y)dx:

Buwéc 1. Tinh I'(y) bang cach I'(y) = fa+°°fy’(x, y)dx;

Buwéc 2. Dung cong thirc Newton-Leibniz dé khoi phuc lai I(y)bang cach

I(y) = [T'(n)dy.
Chui y: Phai kiém tra diéu kién chuyén ddu dao ham qua tich phan trong Dinh ly.
Vi du 4. Chirng minh rang tich phan I(y) = ft:%@;”dx la mot ham sé
lién tuc kha vi véi bién y. Tinh I'(y) r6i suy ra biéu thirc cla I(y).
Vidu 5. Tinh céc tich phan sau:

a) flx “dx,0 < a <b;

b) f;ooech_dx a,b>0;

—ax? —-bx
J<+oo e —e

c) dx a,b > 0.

0 x?2

Vi du 6. Tinh tich phan fJ“’#.

s . +0o0 dx
Gigi. bat I,,(y) = fo EISETE=E fo (X,y) = —z+y)n+1 Khi do:

!/

T +o0o  dx _ +ood—x _ _ _ 1 ’
_1 ! _1 ! _1 ! 7’
Tu‘dng tu, In—l = E. In_z ’ ITl 2 = ﬁ In_3 Iy Il = T. IO ’ Do dé
(— )” ).
LL,(y) = (L ))
_ (te_dx _ 1 1|+ G S
Mal,(y) = [, v arctan l = oo e

Van dé con lai la viéc klem tra diéu kién chuyen dao ham qua dau tich phan.

Vidy 7. Tinh tich phan [ e~ S5 gy, q,b,c > 0.

Gidi. Dat1 (b) = [ " e~ axm dx, f(x,b)=e o sinbx;sincx

Ta co:
_ inbx—si R N L. X.
e f(x,b) =e axw lién tuc theo x trén [0, +e°) v&i moi a, b,c > 0.

o f'y(x,b) = —e™® cosbx lién tuc trén [0, +o°) x (0, +oo).
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e " cosbx +

a2+b?

* f0+oof,b(x: b) dx :f0+oo —e Ycosbxdx = (

+

e sinbx) |1 =t
hoi tu déu theo b trén mdi [0, +oo) theo tiéu chudn Weierstrass, that vay,
le"®*cosbhx| < e~**°, ma f0+oo —e~ % dx hoi tu.
Do do

I'(b) = [ f'y (x,b)dx =—"==>I (b) = [ I'(b)db = |

cr Ll n . . b
Matkhac I (c) =0 nén C = —arctan% vadodo I = arctan—— arctani :

Vi du 8. Tinh tich phan f0+oo e~*"cos (yx)dx.

a
a?+b?

db = arctan% +C

a2

Loi gigi. bat I (y) = f0+°°e‘x2 cos(yx)dx, f (x,y) = e’ cos (yx). Ta co:
e f(xy) = e™*’cos (yx) lién tuc trén [0, +00) X (0, +0).

o fly(x,y) = —xe™*"sin (yx) lién tuctrén [0, +00) X (0, +00).
. f0+°°f’y(x, y)dx = f0+°° —xe *’sin (yx)dx = %e‘xzsin (yx) l

%f:mye"‘2 sin(yx) dx = _Tyl(y) hdi tu déu theo tiéu chuan Weierstrass, that

+oo
0

vay, |f'y (6, y)| < xe ", ma [T xe " dx =%héi ty.

Dods 2 ==s](y) = Ce /% Mitkhac (0) =0 nén € =2,

I(y) 2
vay I =ge‘y2/4 .
Nhan xét:

(1) Viéc kiém tra cac diéu kién dé dao ham qua dau tich phan hay diéu kién déi
thir ty 14y tich phan déi khi khéng dé dang chut nao.

(2) Céc tich phéan f0+oof’a(x,y)dx & ciu b,c,d chi hoi tu déu trén khoang
[e,+00) v&i mbi & > 0, ma khdng hdi tuc déu trén (0, +00). Tuy nhién didu d6
cling du dé khang dinh rangI';, = f0+°°f’a(x, y)dx trén (0, +).

3.3. Tich phan EULER

3.3.1 Ham Gamma

a) Dinh nghia: T (p) = f0+°° xP~le *dx xac dinh trén (0, +0).

b) Tinh chdt:

.l _ L (DM@
(1) Habac:T(p+ 1) =pl'(p), T (a—n) = R
Y nghia cla céng thirc trén Id dé€ nghién ctu T’ (p) ta chi cén nghién cieu T (p)

Vi 0 < p <1 ma théi, con vdip > 1 chung ta sé st dung cbng thirc ha béc.
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(2) bachbiét, T (1) =1 nénT'(n) = (n — 1)!, VneEN
1

r (E) =T nén T (n + %) = (an;l)” NG?

(3) Dao ham cla ham Gamma: ' ¥ (p) = f0+°° xP1(In*x).e *dx .
(4) T(p).T(1—-p) =

Vidu 1. Tinh cac tich phan sau:

+
a) ? x1% %" dx;

-7

b) f;ooﬂdx
c) f_ooo x22¢ VA
3.3.2 Ham Beta
a) Dinh nghia.
Dang1:B (p,q) = fol xP71(1 — x)7 1dx;

+oo  xP71
Dang 2: B (pl q) = fo (1.x|.x)p+q

dx;
Dang lwgng giac:

B(p,q) =2 fn/z sin?P71t cos?9 1t d;

s
2
B(m;1n+1 2]5 n™t cos™t dt
0
b) Tinh chét:
(1) Tinh d6i xtrng: B (p,q) = B (q,p) .
(2) Ha bac:
B(p.q) =

B(p—l q) néup >1
B(p,q)—

— B(p,gq—1) néuq > 1
Y nghia ctia céng thirc trén & chd muén nghién ciru ham béta ta chi cdn nghién
ctru nd trong khoang (0, 1] X (0, 1] ma théi.

(3) Dac biét, B (1,1) = 1 nén

_ (m-1D)!(n-1)!
B (m,n) D ——a vm,n € N
(n—-1)! ’
B(p,n) = ,Vn € N.
(p n) (p+n—-1)(p+n-2)..(p+1)p n

(4) Cong thirc lién hé gitta ham Béta va Gamma: B (p, q) = —2 D

T'(p+q)
B)B(pl—-p)=T@EraA -p =

sinpm

33



BAI GIANG GIAI TiCH 2 -NHOM NGANH 1 GV NGUYEN DINH BiNH

Vidu 2. Tinh cac tich phan
+oo 3%
a) fO (14x2)2
+oo 3%
b) J, T dx;

o) [, x” V1 —x3dx (20232);
d) [F7 gy (20232).

0 (1+4x3)2
Vi du 3. Tinh cac t|'ch phan
a) f0+°°2 " dx (20232);

) f02x4\/ —xZdx (20243).
Vi du 4. Biéu thj fgsinmx cos™x dx qua B (m,n)
Loi gigi. Pat sinx = Vt = 0 <t < 1cosxdx = ZL\/tdt

T T n-1
JZsin™x cos™x dx = fz Sinmx (1 —sin*x)z cosxdx =.
m+1 n+1
=17 (1-07 7 de=1B (===5)
DAy chinh la cong thirc & dang lvgng giac ca ham Beta.
Vi du 5. Tinh cac tich phan sau:

s

a) I = [2sinx cos*x dx;

I—fa nya? —x? dx, )a>0);
NE

c) I = fo ) dx;
+oo 1
d) 1= [ —adx
, . (et A +00 x”+1
Vidy 6. Tinh céc tich phan [ <
Loigigi. D3t x" = t = dx =—tn ~1at;
1 1
[ = + 00 tn+11tﬁ ta . + 00 t%dt .
B fO (1+t)2 J-0 (1+6)2

=1 (et D) =d g (- D=

n n2 sin(2m/n)’
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Bai tap

1. (20222) Tinh cac tich phan ["——

2. (20222) Tinh céc tich phan f0+°° (1+41x2)3 dx.

, . n o0 x5
3. (20212) Tinh cac tich phan |

0  14x2022 dx.

4. (20222) Tim gi6i han lirr(l) fon/z sin®(x — y)cos3(x + y)dx.
y—)

5. (20201) Tinh cac tich phan f0+oox56_x4dx.
oo x/4
6. (20192) Tinh cac tich phan [ =%

X.
-0 (1+eX)?

o 3/2
7. (20192) Tinh cac tich phan [ &2

1 x4
8. (20183) Tinh céc tich phan f0+°°x3°e‘x2dx.

+00 27 %37

9. (20183) Tinh céc tich phan fl dx.

x
400 x2

10. (20182) Tinh céc tich phan |

—00 (14+x%)%

11. (20182) Tinh cac tich phan f0+°° x637%" dx.

12. (20173) Tinh cac tich phan [2Vsin”x cosSx dx.
13. (20172) Tinh céc tich phan fol x%V1 — x2dx.

x* X
(1+x3)2 77

14. (20172) Tinh céc tich phan [ 7

1/ 1\10
15. (20163) Tinh céc tich phan || (ln;) dx.
ar

dx.
x%+y?

16. 20162) Tim gi¢i han lim I
y—)

17. (20173) Chitng minh ring hams8 1(y) = [, —2

0 2iy? dx khong lién tuc tai

y =0.
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Chuong 4
TiCH PHAN DPUONG

4.1. Tich phan dudng loai mot (Tich phan dwéong cla trwong vé huéng)
4.1.1. Pinh nghia
Cho ham s6 f(x,y) = f(M) xéac dinh trén cung AB. Chia cung AB thanh
n phén bdi cdc diém chia
A=Ay Ay,..., A, = B (Hinh 3.1).
Trén méi cung AA,,,, I8y mét diém M;(&;,n;) tuy y va lap téng

n-1
=) f(M)as,
i=0
trong do As; la db dai cung A/A, 4.

A

y

Hinh 4.1

Néu khin — oo sao cho max As; —» 0 ma I, dan t6i mét giéi han hitu han | khéng
phu thudc vao cach chia cung AB va céach 18y diém M; trong méi cung nhé A,A,,4
thi giéi han do duoc goi la tich phan duong loai mét cia ham f(x,y) doc cung AB
va ky hiéu | 3/ (x,y)ds trong do ds la vi phan cung AB. Nhu vay

n-1
[f@yds= Tlim 3 f(M)As, (1)
1B maxAs; —)Ol.:O

Né&u tich phan (1) tén tai, thi ta néi ham f(x,y) kha tich trén cung AB.

Ngudi ta chiing minh dudc rang néu ham f (x, y) lién tuc doc theo cung tron AB
(cung tron la cung co tiép tuyén bién thién lién tuc) thi tén tai tich phan
a5 f (x, y)ds.

Chuy:

+Tich phan dudng loai mét khéng phu thudc chiéu I8y tich phan trén cung AB.
+Tich phan dudng loai moét cd cac tinh chat tuong tu tich phan xac dinh.
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4.1.2. Cach tinh
Cho ham s6 f(x, y) lién tuc trén cung AB tron.
1) Truong hop cung AB c6 phuong trinh tham sé x = x(t),y = y(t),t; < t < tg.
Tich phan (1) dugc tinh theo cong thic
tp

flnds = | fE@yo) O +y @ de @)

AB ta
2) Truong hop cung AB cd phuong trinh y = y(x),a < x < b.
Tich phan (1) dugc tinh theo cong thic

‘ >
fenyyds = | PGy () 1 +7°(x) d 3)
AB a

Vidu 1.
a) Tinh tich phan duong [ .(x + y)ds, trong d6 C la dudng tron x* + y* = 2y .
b) (20233) Tinh tich phan [ (2x + y)ds, Cla duong cong y = v2x — x2.
c) (20221) Tinh tich phén [ x?ds,Cladudngcongx =ef,y =t +1,0<t < 1.
d) (20242) Tinh [ xyds, Cla duong 9x2 + 4y? = 36 trong goc phan tu thir nhat.
Chu y:
(1) Néu 4B la cung tron trong khéng gian c6 phuong trinh tham s6 x = x(t), y =
y(t),z = z(t),ty <t < tg, thi tich phan dudng loai mét dugc tinh theo cong thirc

tg

feyds = | f(0),y(0),2() |x (@) + ¥ (t) + 2°(t) dt.
AB

ta

Vi du 2.(B4) Tinh tich phén [ (xz +yz*)ds,C la dudng cong x = 2t3,y = t,z =
V3t2,0 <t <1.

(2) Néu AB la cung khong tron, gia sU tai diém C trén cung AB khéng c6 tiép
tuyén thi ta tinh

f(x,y,z)ds = | f(x,y,z)ds+ | f(x,y,z)ds.
AB AC CB

Tich phédn dudng loai mét cé tmg dung trong viéc tinh khéi luong cung, mémen tinh,
trong tdm cla cung trong mat phaang va trong khéng gian, mémen quan tinh, dién tich
clia mét try, ... Cac van dé nay ban doc tim hiéu trong tai liéu chuyén nganh).

Bai tap

2
1. (20201) Tinh tich phan duong [.(1 + x?)ds, trong dé C la duong astroid x3 +

2
y3 = 1 trong géc phan tu th&t nhat, néi hai diém A(1,0), B(0,1).
2. (20162) Tinh tich phan duong fc(xy + x — y)ds, trong d6 C la dudng cong x =

cost,y =sint v&¢i0 <t Sg.

3.(20172) Tinh [.(x + 2y)ds, trong d6 C la nira dudng tron y = V4 — x2.
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4.2. Tich phan dudng loai hai (Tich phan dwong clia trwdo'ng vecto)

4.2.1. Trro'ng véc to va dwong dong

Ta ndi rang trong 2 € R3 ¢é trudng vecto F néu tai m6i diém M € 2 déu cb
vectd F (M) xac dinh. Nhu vy cho trudng vectao trong mién 2 la cho ham vecto
F (M) xac dinh trong mién 2 d6: F = F (M) = F (x,y,2), M(x, y,7) € Q, trong d6
I_?) (x,y,z) =P(x,y,2) 7 +Q(x,y,2) 7 + R(x,y,2) ? .

Vi du 1: Dong nudc chdy, tai méi diém cla né déu cé6 mot vectd van téc xac
dinh. Khi d6 tat ca cac vectd van toc tao thanh trudng vecta thi goi la trudng van
téc clia dong nudc.

Chay. O day ta chi xét trudng vecto ma ham vecto khéng phu thudc vao thdi gian
t goi la truong vecto dung.

Cho trudng vecto F=F (M) trong mién Q. M6t dusng cong (€) c 2 ma tai
moi diém cla né, ti€p tuyén véi dudng cong (C) déu déng phuong véi vectd cla
trudng di qua tiép diém goi 1a dudng dong. Tu d6 ta thdy réng qua méi diém clia
trudng véc ta chi c6 moét va chi moét dudng dong di qua. Cac dudng dong khéng
cat nhau.

Vi du 2: Cac dudng sUc trong tu trudng hoac dién trudng la cac dudng dong.

Cho trudng vecto

I_?) = I_f) (x,y,z) = P(x,y,2) _l) +Q(x,y,2) 7 + R(x,y,2) ?
va duong dong C c6 phuong trinh tham sé la x = x(t); y = y(t); z = z(t). Khi d¢,
ti€p tuyén tai méi diém M(x,y,z) cla C cé vecto chi phuong 1a (x'(t),y'(t),z'(t)). Do
ti€p tuyén nay déng phuong voi F (M) nén

X)) =Py (t)=Qz(t)=Re dx=P,dy=Qdz=R
(goi la hé phurong trinh vi phdn cua ho dudng dong cua truong vecto F (M)).

Nhan xét: Qua mdi diém cla trudng vecto cé duy nhat moét dudng dong. Cac dudng
dong khéng cat nhau.

4.2.2. Dinh nghia tich phan dwong loai hai

Cho cac ham sé P(x,y),Q(x,y) xac dinh trén cung dinh huéng AB thudc mat
phang Oxy,A la diém dau, B 1a diém cudi. Chia cung AB thanh n phan bdi cac
diém chia A = Ay, A4,...,A, = B (Hinh 4.2).

y
]B=An
Yi+1 _ A
yi [ |
A=A0 ; H >
0] Xi Xit1 X

Hinh 4.2
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Trén méi cung A,A,;,, 18y mot diém M;(&;,n;) tay y va lap téng

n—-1 n—1

=) P(M)Ax; +Q(MAy; = ) Pl y)Ax; + QCxi, v Ay,
i=0 i=0

trong do Ax; = x;,1 — x;, 4Y; = Viy1 — Vi = 0,n— 1.

Néu khi n —> o0 sao cho max A x; = 0,max Ay; » 0 ma I, dan t6i mét gi6i han
hitu han | khéng phu thudc vao céach chia cung AB va céach I8y diém M; trong mbi
cung nhé A,A,,,, thi giéi han dé dudc goi la tich phan dudng loai hai clia hai ham
P(x,y),Q(x,y) doc cung AB.

Ky hieu [ P(x,y)dx + Q(x,y)dy. Véy

lim Ly = [ P(x,y)dx + Q(x, y)dy. (4)

Ngudi ta chiing minh dudc rang néu cac ham P(x,y), Q(x,y) xac dinh va lién
tuc trén cung AB tron thi tén tai tich phan [ 5 PG y)dx + Q(x, y)dy.

Y nghia vat ly: Mot chdt diém M di chuyén theo mét cung phdng L tir A dén B
dwdi tdc dung cia mét e F=F (M) = P(x,y)T + Q(x,y)J Bién thién lién tuc doc
theo cung AB. Héy tinh céng W cla luc dy. Ta cd

W = P(x,y)dx + Q(x,y)dy.
AB
4.2.3. Tinh chat

(1) Néu d6i chiéu I8y tich phan thi tich phan duong loai hai d6i du
S PGey)dx +Q(x,y)dy = — [, P(x,y)dx + Q(x,y)dy.
(2)] o PCx,y)dx + Q(x, y)dy = [ P(x,y)dx + Q(x,y)dy + [ 5 P(x,y)dx + Q(x, y)dy
trong do C la mot diém nao do trén cung AB.
Trong céac tinh chat trén ta gia thiét cac tich phan déu ton tai.
Chu y : Néu AB la dudng cong kin khéng tu cat (A = B ) giéi han mién D gidi
noi, thi tich phan dudng (4) dudc ky hiéu

jAP(x, y)dx + Q(x,y)dy = jLP(x, y)dx + Q(x,y)dy
iB L

trong do L 1a bién cGia mién D (Hinh 4.3a) va chiéu di trén L 1a chiéu duong ( L),
néu ngudc véi chiéu quay kim dong ho, chiéu am (L) 1a chiéu quay kim dong ho.
Theo tinh chat 1) ta c6
§ Pr.y)dx+ Q. y)dy == § P(x,y)dx +Q(x,y)dy
- L

Né&u mién D cé bién gdbm hai dudng cong kin khéng cat nhau (Hinh 4.3b) thi quy
udc chiéu duang trén L la chiéu ma khi di doc theo L thi mién bi gi6i han bdi L
nam vé phia tay trai. Chiéu ngudc lai 1a chiéu am.
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Chiéu duong
e B
A=B

Chiéu am
Hinh 4 .3a Hinh 4.3b
4.2.4. Cach tinh
Gia sl cho cac ham P(x,y), Q(x, y) lién tuc trén cung AB tron.
(1) Trudng hop cung AB ¢6 phuang trinh tham s8 x = x(t),y = y(t), v6i moi t
di tlr t,dén tp (taviét t:t, - tp) thi tich phan (4) dudc tinh theo cong thirc
J 3 PCoy)dx + Q(x, y)dy = f;B[P(x(t),y(t))X'(t) +Q(x(), y®))y'(®)]dt (5)
(2) Trudng hop cung AB ¢6 phuong trinh y = f(x) véi moi x di tir x, dén x5 (ta
viét x: x, — xz) thi tich phan (4) dugc tinh theo céng thiic
J 5 PG y)dx + Q(x,y)dy = f;B[P(x,f () +Qx, f(x)f'(x)] dx (6)
(3) Truong hop cung AB cb phuong trinh x = g(y) véi moi y di tiry, dén y; (ta
viét y:y, — yg) thi tich phan (4) dudc tinh theo cong thic
[s P y)dx + Q(x,y)dy = fyyf [P, ') + Q). »ldy  (7)
Chu y : Néu AB la cung khéng tron (Hinh 4.4) gia s{ tai diém C € AB ma tai d6
phuaong trinh dudng cong khong ton tai dao ham thi ta cé
S PCoy)dx +Q(x,y)dy = [ P(x,y)dx + Q(x,y)dy + [ P(x,y)dx + Q(x,y)dy.
C

RN

A B
Hinh 4.4

Vidy 1. Tinh tich phan I = [.(2a —y)dx + xdy (a > 0), trong d6 C la cung
dau cua xycloit x = a(t — sint),y = a(1 — cost) v6i t di tir 0 dén 2.

Vidu2. Tinhtichphan I = [ (x* — 2xy)dx + (y* — 2xy)dy, trong d6 C la dudng
parabol y = x%,—1 < x < 1 v6i diém dau la A(—1,1), diém cudi B(1,1).

Vidu 3. Tinh tich phan I = [ xydx + x*dy, trong d6 C la dudng parabol x =

2\[1 — %2,—1 < x < 1v6i diém dau la A(0,—3), diém cudi B(0,3).

Vidu 4. Tinh tich phan I = ¢ xydx + (x + y)dy, trong d6 L la chu tuyén cla
mién D giGi han bdi cac dudng y = x2,y = 0,x = 1, chiéu duong.
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Chd y: Néu AB la dudng cong tron trong khéng gian, c6 phuong trinh tham sé 1a

x =x(t),y =y(),z = z(t)
kha vi véi moi t di tir t, dén t thi tich phan dudng loai hai dugdc tinh theo cong thiic

f P(x,y,2)dx + Q(x,y,2)dy + R(x,y, 2)dz =
AB

= f [P(x(®), y(£), 2(t))x (£) + Q(x(8), (1), (1) )y (t)

+ R(x (D), y(t), z())z'(t)] dt.
Vidu5s. Tinh I = [ .xdx — (y + z)dy + 2zdz, trong d6 C la doan thang di tir
diém A(0,0,0), diém diém B(1,1,1).
4.2.5. Cong thuc Green
Dinh ly Green: Cho D Ia mién déng, gidi néi trong mat phang Oxy véi bién L
kin, tron tung khic. Cac ham sé P(x,y), Q(x,y) va cac dao ham riéng cia chiing
lién tuc trong mién chira D thi ta co

3(de+Qdy jf G_S_O_P dxdy (8)

trong do chiéu I8y tich phén la chiéu duong. ( Céng thuc (8) dudc goi la cong thiic Green.)
Chung minh: Ta sé chiing minh

7€pdx_ U _dxdy,jéQdy U 22 dxdy

tU d6 suy ra cong thic Green.
1) TruGc hét ta xét mién D nhusau a < x < b,y;(x) <y < y,(x) (Hinh 4.5a).
(moi dudng thang x = ¢,a < ¢ < b cét bién tai hai diém c6 tung do 13 y, (¢), y, ().

y A Ydu 3
D =1,(x)1C
x=x(»)
Al |B x=%()
1: y:yl(x) . cl------
0 a b x 0 . X
Hinh 4.5a Hinh 4.5b
Ta co

b YZ(x)ap
—dxd d —dy =
U T j nyl(x) ay
a b
=f [P(x,yz(x))—P(x,yl(x))]dx=—jbP(x,yz(x))dx—j P(x,yl(x))dx=
=—| P(x,y)dx—| P(x,y)dx—| P(x,y)dx—| P(x,y)dx = ¢ P(x,y)dx.
f@ (2, y)dx fAD (x,y)dx LAB (x,y)dx fBC (x,y)dx 3§L (2, y)dx
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(trong d6 [, P(x,y)dx =0, [, P(x,y)dx =0 vix =a,x =b = dx =0).
+Tuong tu vGi mién D dugdc xac dinh ¢ <y < d,x;(y) < x < x,(y) (Hinh 4.5b).
2) Trudng hop D la mién don lién (Hinh 4.6), ta c6 thé chia D thanh hitu han
nhimg mién nhd nhu trong phan 1). Gia s mién D dudc chia 1am 3 mién D+, Dz, Ds
v@i cac bién tuong Ung la L+, Lo, L3, trong dé
L, = MmN + NM; L, = PM + MQ + QP; L, = PQ + QN + NP

M

t o
—>
m{ D, Q

>

N
Hinh 4.6

ff O_Q_O_P dxdy=

] 2o 2 o ] (2o

Theo céng thiic Green doi véi cac mién Dy, D,, Ds ta du’qc
I1,, G2 = 52) dxdy = §, Pdx +Qdy = [ Pdx +Qdy + [, Pdx +Qdy  (9)
ffDZ (z—f - Z—J;) dxdy = gﬁLz Pdx + Qdy = fm Pdx + Qdy + fMQ Pdx + Qdy +
+ pr Pdx + Qdy, (10)
9Q 9P

11, (a——)d xdy = §, Pdx +Qdy = fPQde+Qdy+fQ Pdx + Qdy +
+ [ Pdx + Qdy, (11)
Cbng (9),( 10) va (11) ta ducc

ff 6_Q_6_P dxdy=

=j de+Qdy+j de+Qdy+j
MmN NP M
vi t6ng cac tich phan dudng clia Pdx + Qdy trén cuing mét cung hai lan theo hai
chiéu nguoc nhau bang 0..

Vidu 1. Tinh tich phén I = ¢, xydx + (x + y)dy, trong d6 .la chu tuyén duong

cGia mién D gidi han bdi cac dudng y = x2,y = 0,x = 1.

Pdx + Qdy = jLde + Qdy,
L
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Vidu 2. Tinh tich phén I = ¢ xy*dy — x*ydx, trong d6 rla chu tuyén duong
cla mién D gidi han bdi cac dudng x? + y? = 2x,y = x,y = 0,(y = 0).

Vi du 3. Cho Cla bién cia mién bjchdn D bdi cac dudng x —y — 2,x = y? , dinh
hudng duong. Tinh I = gﬁc(exz + y)dx + xydy.

Vidu 4. (20232)Tinh tich phan I = [ ydx — xdy, trong d6 Cla bién clia mién xac
dinhbdi 1 < xy < 4;x <y < 4x, cd hudng nguoc chiéuquay cla kim déng ho.

Vidu 5. (20221)Tinh tich phan I = §L(ex3 + x2y)dx + (x3y + 2xy?dy, trong do
Lla dudng x? + y? = 2x , huéng duong.

Vidu 6. (2022) Tinh tich phan I = [ (x +y)dx + (x* — 3y + sin(y?))dy, trong
d6 C lacungtron y =+/2x — x2 di tir diém A(2;0) dén diém B(0;0).

Vidu 7. (20232) Cho C & nlra duong tron x2 4+ y% =2x,x > 1 di t diém
A(1;—1) dén diém B(1;1). Tinh I = [ (xes™ — y?)dx + (yIn(y? + 1) + x? + x)dy.

Vidu 8. (20242)Tinh tich phan I = ¢ (x + 2y)dx + (3x* — 4y)dy, trong d6 Cla
duongelip 9x2 + 4y? = 36, c6 hudng nguoc chiduquay cla kim déng ho.

Vi dy 9. Tinh tich phéan = [.(ye* + 2xcosy — x?y)dx + (xe* — x*siny +
xy? + xy)dy,trong d6 C lacungtron y = v2x — x2 ditirdiém A(2;0) dén diém O(0;0).

Vi du 10. Tinh tich phan I = §, ’“ZJZ’C,
a? (a > 0), huéng duong.

4.2.6. Diéu kién dé tich phan dudng loai hai khéng phu thudc vao dudng
lay tich phan

N&i chung tich phan dudng loai hai f@P(x, y)dx + Q(x, y)dy khéng nhiing phu

trong d6 L la dudng tron x2 4+ y? =

thudc diém dau A va diém cudi B ma con phu thudc vao dudng |&y tich phan AB.
Trong phan nay ta sé xét véi diéu kién nao thi tich phan dudng loai hai chi phu
thudc vao diém dau va diém cudi ma khong phu thudc vao dudng lay tich phan.
Dinh ly 1. (Binh ly bdn ménh dé tuong duong)
Cho cac ham s6 P(x,y),Q(x,y) va cac dao ham riéng cdp mét cla ching lién

tuc trong mién don lién D. B6n ménh dé sau la tuong duong:

aQ _ oP
1 Pl ay,‘v’(x,y) € D.

2) gﬁL Pdx + Qdy = 0v8i moi chu tuyén L ndm trong D.

3)[ Pdx + Qdy trong d6 AB l&4 mét cung nam trong D, chi phu thuéc véo
diém dau A va diém cubi B ma khéng phu thudc vao duong di tir A dén B.

4) Biéu thure Pdx + Qdy la vi phan toan phan ctia mét ham u(x, y) nao do trong
mién D ( nghia la Pdx + Qdy = du).
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Chu y: N&u D < R?va My(x,,y,) la diém thudéc D, diém chay M(x,y) thudc D, thi
Pdx + Qdy la vi phan toan phan clia ham u(x, y) vau(x, y) dudc xac dinh bdi cong thiic

u(x,y) = [ POoyo)dx + [ Q(x,y)dy +C, (12)
hozic u(x,y) = [, PCuy)dx + [ Q(xo,y)dy +C, (13)

C 1a hang s6 bat ky.
Thét vay, vi tich phan fMOM Pdx + Qdy khong phu thudc vao dudng lay tich phan

nén néu ta chon dudng M,M la dudng gap khic MyKM, ta cd cong thiic (12), néu
ta chon dudng MM la dudng gép khic MyNM (Hinh 3.13) ta c6 coéng thiic (13).

Vidu 1. Tinhtichphén = [(1+y)cosxdx+sinxdy.

a) Chiing minh biéu thiic dui dau tich phan 1a vi phan toan phan clia mét ham
u(x,y) nao doé.

b) Tinh I néu L la nlra trén dudng tron x2 + y? = 2x di tlr A(2;0) dén 0(0;0) .

Vi du 2. Chiing minh biéu thic (y + In(x + 1))dx + (x + 1 — e¥)dy 1a vi phan
toan phan clia mét ham u(x,y) nao dé. Tim ham s6 db.

Vi du 3. (20232) Biéu thic (ae” + 2xy3)dx + (xe¥ + bx2y? + 1)dy, véia,b € R,
la vi phan toan phan cia mét ham u(x,y). Tima, b va ham sé u(x,y) do.

Chu y: Néu tich phén [, Pdx + Qdy khong phu thuéc vao duong Iy tich phan

tlr Axo, ¥o) 48N B(xy, y1), (tifc a2 = 2—5), thi c6 thé viét né dusi dang

B (1,51)
f Pdx + Qdy = J Pdx + Qdy = J Pdx + Qdy
AB A (

X0,Y0)

Dé tinh tich phan trén ta thudng chon dudng |8y tich phan la cac dudng gap khuc
ndi A véi B c6 cac canh song song véi cac truc toa dd Ox, 0y, trong d6 cac ham s6
P(x,y),Q(x,y) cung cac dao ham riéng clia no6 lién tuc trén cac doan dé.

Vidu 4. (20222)Tinh tich phan

(3:8)
I = j 3y*3dx + 4xy/3dy.
(LD

Vi du 5. Tinh tich phan

G-1
I = j (y?e* + 6xy)dx + (3x?% + 2ye*)dy.
(1;2)

Hé qué cta Dinh ly Green. Gia sir L |a dudng cong kin bao mién D, hudng duong.

thi dién tich cia mién D 1a S, = ggﬁL xdy — ydx. (That vay, trong cong thdc Green

0 0 ~
éLpdx + Qdy — ffD (%—%) dXdy, |ay P = -y, Q =X )
2 2

Vi du 6. Tinh dién tich clia mién phang D gi6i han bdi elip Z—z + Z—z =1.
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2
Vidy 7. Tinh tich phan dudng f, ny’chyz dx —xy:— ﬂdy, trong d6 L |a dudng

3 2 N A e A’
cong y = =+ 1 di tif diém d&u A(0; 1) d&n diém cudi B(2; 3).

. . SN 3 )
Chd y: DGi v6i Vi du 7, néu ta tinh tryc ti€p bang cach thay y = =+ 1vao biéu
thic duédi dau tich phan sé& dan dén mét tich phan xac dinh ma viéc tim nguyén
ham cla né Ia rat kho.
Bai tap
1.(2023CK) Cho C la nlra dudng cong x% + y? = 2x, x > 1 di tir diém A(1;—1)
dén diém B(1;1). Tinh tich phan I = [ (xes™ —y?)dx + (yln(y* + 1) + x* +
0))dy, BS:1=I -, =2+
I 7 A X 2.,3 3,,2
2.(2023) Tinh tich phan dudng [ (x*y® + x) dx + (x°y?* — 6y/y? + 1)dy, trong
d6 L ladudng cong y = V1 —x3 ditif A(1;0) dén B(0;1). BS:1 == — 42
3. (20201) Tinh tich phén [ 2(x* + y®)dx + 5x(y* — 1)dy, trong d6 L la duong
gp khic ABCA ndi cac diém diém A(2;0), A(1; 1), A(0; 2).
4. (20201) Tinh tich phan [ (e*siny +y?)dx + (x* + 2xy + e*cosy)dy,
trong d6 Cla nlra dudng tron x = /2y — y2, di tir diém 0(0; 0) dén diém A(0; 2).
5. (20192) Tinh tich phan ¢ (e* +y?)dx + (x*e”)dy, trong d6 C la bién cla
mién gidi han bdicdc duong vy =1 — x2 vay = 0. C6 chiéu duong.
6. (20192) Tinh tich phan [.(2xe* +y?)dx + (x* + e”)dy,trong d6 C la nia
dudng cong y = V1 — x2 di t diém A(—1; 0) dén diém B(1;0).

, , N (10x*—y)dx (7x%-8y
7. (20183) Tinh tich phan fL N
2 V1 — x2 di tir diém A(1;0) dén diém B(—1;0).

8. (20182)Tinh ¢ ifl:flyl

Ndy 5115 due
,trong do Lla duong cong y =

dy, trong d6 Cla duwongtron x? + y? = 1, dinh hudng duong.

9. (20182) Tinhtichphan$ (z* +y?*)dx + (x* + z*)dy + (x* + y*)dz, trong d6

C 1a giao cia m3t cau x? + y? + z2 = 4vamitnén x = /x2 + (y — 1)2 theo huéng
cung chiéu kim déng hé khi nhin tir géc O.
10. (20182) Tinh ¢, *y )C::Jr;?y L dy, C,laduongtron x% + ay? = 1, huéngduong.
11. (20173) Tinh tich phén [ y(3x — 2)dx + (x + 2y)dy,trong d6 L 1 doan thang
AB di tir diém A(1; 0) dén diém B(0; 1).
12. (2017) Ching minh rang néu f () la mdt ham s6 cung v&i dao ham cla nd lién tuc trén

R valladuongditl 0(0;0) dén A(a;b) thi [ f(x +y)(dx +dy) = f0a+bf(u)du.
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Chuong 5
TiCH PHAN MAT

5.1 Tich phan mat loai mét (Tich phan mat cua trwong vo hwdng)

5.1.1. Pinh nghia

Cho ham sé f(M) = f(x,y,z) xac dinh trén mat cong S. Chia S thanh n mat
cong nhé khéng dam 1én nhau. Goi tén va dién tich ctia cac mat tuong ing la
AS,,AS,,...,AS,. Trong mbi mat nhé AS; 18y mét diém  M;(x;,y;, z;) tuy y. Lap tong
tich phéan

n n
In = Zf(ML)ASL = Zf(xi,yi,zi)ASi.
i=1 i=1

Néu khi n - oo sao cho max d (4S;) — 0 (d(4S;) la dudng kinh ciia manh AS;)
ma I,,dan téi mot giéi han hitu han | khéng phu thuéc vao cach chia mét S va céach
I8y di€ém M, trong m6i mat nhé AS;, thi gidi han dé dugc goi la tich phan mat loai
moét clia ham s6 f (x,y,z) trén mét S va ky higu  [[. f (x,y,z)ds.

n

> s Vs dS: 1 isVis4i Ml
Nhu vay Isjf(xyZ) maxd(lgi)%;f(x VisZ;) (14)

Mét S trong khéng gian Oxyz dudc xem nhu 1a tap cac diém M (x, y, z) thda man
phuong trinh
F(x,y,z) = 0. (15)
Mat S duoc goi la tron néu ham s6 F (x,y, z) ¢ cac dao ham riéng Fy, E,, F, lién
tuc va khéng déng thai bang khéng trén S.
+Ngudi ta chiing minh dugc rang néu ham £ (x, v, z) lién tuc trén mat cong tron
S thi tich phan mét loai mét [, f(x,y, z)dS ton tai.
+Tich phan mat loai mot cb cac tinh chat tuong tu tich phan kép.
+Tich phan mat ff. dS la dién tich clia mét S.
+ Né&u p(x,y,2) 1a khéi lugng riéng (ham mat do) tai diém M(x,y,z) €S lién
tuc trén mat S thi khéi lugng clia mat cong Sla m = [[ p(x,y,2)dS.
5.1.2. Cach tinh
Gia sir mat S dugc cho bdi phuong trinh z = z(x, y), ham z(x, y) lién tuc va c6
cac dao ham riéng z,(x,y), z, (x,y) lién tuc trong mién ma chira hinh chiéu D clia
mat cong S 1én mat phing Oxy. Cho ham f(x,y, z) lién tuc trén mat S thi khi d6
tich phan mat loai mét dugc tinh theo céng thic

1,73, 2345 = [T, £ 20 30) 1+ 22, 3) + 2 (,9) dxdy.

46



BAI GIANG GIAI TiCH 2 -NHOM NGANH 1 GV NGUYEN DINH BiNH

Vidu 1.
a).T|'nh tich phan I = [f.(x* + y?)dS, trong d6 S la phan mat nén z* = x> + y?
nam gilia cac mat phing z = 0,z = 1.
b) (20232) Tinh I = [[.(z + 2)dS véi Slaphan matnén z = /x2 + y%,1 <z < 3.
¢) (20222) Tinh I = [f J1+4x2 + 4y2dS voéi S la mét xéc dinh bdi z = x2 + y?,
z<1.

d) (20221) Tinh [ = ffs(x+37y+§— 1)2dSvc'ri S:2x+3y+z=6x>0y>
0, z=0.
e) (2023) Tinh I = [f.(2x* — y? — 22)dS véi Slamétcau x* + y* + 2% = 1.
5.2. Tich phan mat loai hai (Tich phan mat cua trwong vecto)
5.2.1. binh nghia
Mat S dudc goi la mat dinh huong hay la mat hai phia néu khi di theo mét chu
tuyé&n déng bat ky khoéng cé diém chung véi bién clia né, huéng cla véc to phap
tuyén khong thay ddi di tir phia nay sang phia kia clia mat. Chang han néu S mt
kin c6 thé xac dinh véc td phap tuyé&n huéng vao phia trong hodc huéng ra phia
ngoai.

Hinh 5.1

Cho cachamsé P(x,y, z), Q(x,y, z), R(x, y, z) xac dinh trén mat cong dinh huéng
S va cb véc to phap tuyén 7 tai diém M(x,y, z) cla S hop véi cac truc toa d6 mot
goéc a, B,y ( Hinh5.1). Khi d6 tich phan

I = ff [P(x,y,z)cosa+ Q(x,y,z)cos B+ R(x,y,z) cosy]dS
S

trong d6 cos a,cos B, cosy 1a cosin chi hudng clia vectd phap tuyén 7 tai diém
M(x,y,z), dudc goi la tich phan mat loai hai cla cac ham P(x,y,z),Q(x,y,z),
R(x,y,z) trén mat S dinh hudng. Tich phan mat loai hai trén con dudc viét
I=[[,P(x,y,2)dydz + Q(x,y,z)dxdz + R(x,y,z)dxdy.
+ Né&u d8i huéng clia mat S thi tich phan mat loai hai d&i d4u.
+ Tich phan mat loai hai c6 cac tinh chat tuong tu tich phan kép.
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5.2.2. Cach tinh
Tich phan mat loai hai dudc tinh bang cach dua vé tich phan kép. Gia s can
tinh ff. R(x,y,z)dxdy trong 6 S 1& mé&t cong tron dugc cho bdi phuong trinh z =
z(x,y).
+ Né&u véc to phap tuyén 7 clia S tai moi diém tao véi chiéu duong truc Oz mot
gbc nhon thi ta c6 céng thic
JIcR(x,y,2)dxdy = ffny R(x,v,z(x,y))dxdy,
trong d6 D, 1a hinh chiéu vuéng géc clia mat S 1én mat phang Oxy.
+ N&u véc to phap tuyén 7 cla S tai moi diém tao véi chiéu duong truc Oz
mot gbc tu thi ta c6 cdng thic
JIgR(x, y, z)dxdy = — ffny R(x,y,z(x,y))dxdy.
Tuong tu, ta c6
JsPCy, 2)dydz = % [[, P(x(y,2),y,2)dydz,

JI;Q(x,y, z)dxdz = £ ffsz Q(x,y(x,2),2z)dxdz,

trong d6 D,,,, Dy, 1a hinh chiéu vuéng géc clia mat S 1én cac mat phang Oyz, Oxz
tuong (ing, chon dau + hay — tuy thudc cac géc a hay S 1a goc nhon hay tu.

Vidu 1. Tinh tich phan I = [[. zdxdy, trong d6 S la phia ngoai mat cau x* +
y?+2z%2=a?.

Chu y: Néu mat S la mot phan mat tru c6 dudng sinh song song véi truc toa do,
ching han song song vé&i Oz , thi JI;RCx,y,2)dxdy = 0, Vicosy ds = Cosgds = 0.

Vidu 2. Tinhtich phan I = [[ xdydz + ydxdz + zdxdy, trong d6 S la phia ngoai
mat tru x2 + y% = a?(a > 0) nam trong doan —h < z < h (khdng ké hai day).

6.2.3. Thong lvgng, dive

Dinh nghia 1. Cho trudng vecto F=F (x,y,z) ¢6 thanh phén P = P(x,y, z),
Q=Q(x,vy,z), R=R(x,y,2) hayl_?> =P7 + Q 7 + R ; va mat cong S dinh hudng,
phap tuyén duong 7 tuong tng. Goi cos a,cos B, cosy la cosin chi hudng ctia 1
thi tich phan mat

JI;(Pcosa+ Qcosp + Rcosy)ds,

la théng luong cua truong vecto F qua mat cong S va ky hiéu la .

Vay ® = [[.(Pcosa+Qcosff+Rcosy)ds . (1)
7 thi

Pcosa+ Qcosp + Rcosvy,

N&u goi E, 1a hinh chidu clia F lén
=
E,=chz F=F.n

do dé théng lugng con dugc tinh
® = [f_F,ds. 2)
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Vidu1: Gia s F la trudng van téc cdia dong nudc, lugng chét ldbng chay qua
mat S trong mét don vi thoi gian 1a théng lugng clia trudng van téc clia dong nudée
chay qua mat S va dudc tinh theo cong thiic (1) hoac (2).

. = - - - 2 o L
Chotruongvectoc F =P i +Q j + R k trong mién (2, ta goi dai lugng v6 hudng

oP 90 OR
dx dy 0z
la dive chia trudng vectd F tai diém M Ky hiéu div F (M) Vay
div F (M) = 2 (M) + 22 (M) + 22 (M) (3)

Vi du 2: Cho trudng vecto F (x,y, Z) =xz 7 + yz ] —xy k.
a) Tinh dive cla trudng vecto F tai diém M(1;1; 1).
b) Tinh théng luong qua phia ngoai clia nira mat cau x? + y% + z? = R?,z > 0.
Vi du 3.(2022) Tinh théng luong cGa trudng vecto
- - - -
F(x,v,z) = (x+2xz®) i +(yz+2x%y)j +(2x*’z+y>k
qua mat cadu x% + y? + z%2 = 1, hwéng ra ngoai.
, , n . - - - -
Vi du 4.(2014) Tinh théng lugng trudng vectd F (x,v,z) =x% i +y? j +z%k
qua mat kin (S)la bién ctamiénV:0 <z < ,/1— y?,0 < x < 2, hudng ra ngoai.
5.2.4. Dinh ly Ostrogratski
Dinh ly Ostrogratski: Cho  la mién kin gidi néi trong R® c6 bién la mét mat S
tron ttmg manh. Cac ham P(x,y, z),Q(x,v,z), R(x,y,z) va cac dao ham riéng cép
mét cla chung lién tuc trong mién chira Q, thi khi do ta c6 céng thirc

ap aQ OR
I = f f Pdydz + Qdxdz + Rdxdy = f f f toot )dxdydz 4)
trong do tich phan mat Iay theo phia ngoai ctia mat S. ( (4) dudc goi la cong thirc
Ostrogratski.)

Chi y.TU cong thic Ostrogratski, néu P = x,Q = y,R = z
=V = gffs xdydz + ydxdz + zdxdy 1a thé tich cia mién Q.
Vidu 1. Tinhtich phan I = [[ . x*dydz + y*dxdz + z°dxdy trong d6 S la phia
trong mat cau x? + y?2 +z2 =a%a >0

3
Vidu 2. (20242)Tinh tich phan I = ff xdydz+ydxdz+z>dxdy

xX2+y2+2z2

bién xac dinh theo hudng phap tuyén ngoai ciia mién {(x,y,2)|1 < x%2 + y? + z%2 < 4}.
Vidy 3. Tinhtich phén I = [[ xzdydz + x*ydxdz + y*zdxdy, trong d6 S 1a bién

clia vat thé xac dinh bdi x? + y2 — 2x < 0,0 < z < x? + y2, ¢6 hubng ra ngoai .
Vidu 4. (20222) Tinh I = [[.y*dydz + z*dxdz + (x — y)dxdy,trong d6 S Ia phia

trong d6 S la mat

trén cha matnon z = \/x? + y2,0 < z < 1, khi nhin tlr chiéu duwong cla truc Oz.
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5.2.5. Dinh ly Stokes

Phat trién cong thiic Green trong khéng gian cho ta méi lién hé gilta tich phan
dudng loai hai theo mot dudng kin L vGi tich phan mat loai hai trén mat cong dinh
huéng S giGi han bdi L.

Dinh ly Stokes : Cho S la mét méat dinh huéng , tron, bién cla né la mét dudng
cong kin tron timg khuc va khong tu cat Gid s cac ham
P(x,y,2),Q(x,v,2z),R(x,y,z) va cac dao ham riéng cép mét clia ching lién tuc
trong mién chira S, thi khi do ta c6 céng thirc

aR aQ oy (P _ORY . 9Q 0Py
f yz(az ax)xz(ax ay)xy

= f Pdx + Qdy + Rdz (5)
L

trong do chiéu I8y tich phén trén L dugc chon sao cho mét ngudi di doc theo L,
theo chiéu dé nhin thdy mat S lién ké voi minh vé bén trai.

Céng thic (5) dugc goi la céng thiic Stokes.

Vidu1. TinhI = [ (x —y*)dx + (x* + y)dy + zdz, L la giao clia cac mat 5x* +
y? + z% = 1,z = 2x, ¢b chiéu ngudc chiéu kim déng hé néu nhin vé phia truc Oz.

Chu y: Cong thirc Stokes (20) thudng dudc dung dudi dang lién hé véi tich phan
mat loai mot:

dex + Qdy + Rdz
L

aR aQ L (9P _OF L (92 _oP s
jf z cosa <az 6x)COS'8 <6x 6y)cosy '

Dé dé nhdé cong thu’c trén c6 thé dudc viét dudi dang dinh thiic hinh thic:
cosa cosf cosy
~ o 9 9
ﬁde+Qdy+RdZ—ffS FP @ EP das,
P Q R
trong d6 7 = {cos a,cos B,cosy} lavéctd phap tuyén clia mat cong dinh huéng S.
Vi du 2. Tinh tich phan duong I = 9SL ydx + zdy + xdz, trong d6 L la giao cla
cac mat x2 + y?2 +z2 = 1,x + y + z = 0, ¢b hudng ngudc chiéu kim déng hé nhin
t huéng duong cla truc Ox.
5.2.6. Hoan luu (lwu s6), vecto xoay (réta), trwong dng, trudng thé, ham thé vi
Cho mat cong kin S 1a bién clia mién 2 € R3, 7 |a vecto phap tuyén ngoai ctia S
thi thong lugng la hiéu cla lugng chat 1dng chay tir trong ra va ludng chat 1dng chay
tr ngoai vao. Néu @ > 0, ¢ nghia la lugng chat 16ng tir trong ra nhi€u hon tir ngoai
vao, diéu dé ching td trong mién 2 c6 diém ngudén. Nguoc lai @ < 0, thi lugng chat
I6ng tr ngoai vao nhiéu hon ti trong ra, khi d6 trong mién 2 c6 diém ro.
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Ngudi ta chiing minh duoc rang, véi trudng vecto F (M) trong mién (2, tai diém
My (xo, Yo, 2o) € L2

+N&u div F (M) > 0 thi didm M, la diém nguén.
+N&u div F (My) < 0 thi diém M, 1& diém ro.

+ N&u v6i VM € 0 ma div F (M) = 0 thi trudng vecto F (M) goi la trudng dng
trong mién 0. (tic |a thong lwong di vao bang thong luvgng di ra)
Dinh nghia 1. Cho trudng vecto

- =2 - - -
F=Fxyz)=Pxy,2z)i +Q(x,v,z) J +R(x,y,2) k
Vvai (x,y,2) € 0, L la dudng cong kin nam tron trong . Ta goi

jGde + Qdy + Rdz
L

la hoan luu (lru sé) cua truong vecto 1_~">doc theo dudng cong kin L. Ky hiéu la C.
Vay C = §, Pdx + Qdy + Rdz. (6)
Ky hiéu ds 1a vectd ndm theo huéng ti€ép tuyén duong ctia dudng cong kin L ¢cb

cac thanh phan dx, dy,dz thi Pdx + Qdy + Rdz = F. d_>s do dé cbng thic (6) dudc
viét lai dugi dang

C=¢F.ds. (7)
Cho trudng vecto F=pP7 +0Q 7 + R k. Vectd sau day
— = (OR _0Q\- (0P R 9Q AP
oif= (05 G w) T Gyt ®

dudc goi la vecto xody (réta) cla truong vecto F.

> > >

i J k
Chii y. Cdch ghinhé TotF =2 2 2
dx 0y 0z
P Q R

Chu y. Lwu sé c6 thé viét dwédi cac dang:

l=j€de+Qdy+Rdz=
L

aR aQ oy (OP_ORY . 0Q 0Py
f Zyz (62 ax)xz<x y)xy,

lzgﬁde+Qdy+Rdz=

aR aq N 0P OR N aQ oP s
jf dy az cosa (62 6x)COS'8 <6x ay)cosy '
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Vi dy 1.(2017) Tinh lvu sd cda F (x,y,2) = (3 +y3 + 23)(T + | + k),
doc theo daotuyénclahaimit x> +y?+z2=1vax+y+z=1.

Vi du 2. Cho trudng vecto F= exy_i) + (e* +2) 7 + y?. Tinh rot F.

Ngudi ta chiing minh dudc rang: Hoan Iuu clia trudng vecto I_*")doc theo dudng cong kin
L bang théng Iuong clia trudng vecta xody rot F qua mat cong S nao dé cé bién L

- —
C=<D=>j£F.ds=jfrnds
L s

trong d6 r;, = cho rot 1_?) 7 |a vectd phap tuyén clia mit cong S.
P& hiéu ré y nghia clia rot F ta xét dong nudc chay.Ta da biét

f Pdx + Qdy + Rd z

AB
biéu thi cdng sinh ra khi di doc theo cung AB. Trong diéu kién binh thudng thi céng
sinh ra trén dudng cong kin bang 0. Néu trong dong chay c6 xoay tai diém M,, L
la dudng cong kin kha nhd bao quanh M, thi cdng sinh ra khéng bang 0 ma huéng
cla L thuén véi chiéu xoay thi cdng sinh ra 1a duong, ngudc lai 1a am.

Theo y nghia d6 , ngudi ta néi rang: néu rot F (My) = 0 thi M, la diém khéng
xody, con néu ot F (My) # 0 thi M, 1a diém xody.

Trudng vecto F (M) dudc goi la truong thé trong mién 2 néu ton tai truong
v6 hudng wsao cho gradu = F trén 0. Khi d6 u duoc goi 13 ham thé vi.

Dinh ly. Diéu kién can va dd dé trudng vecto F=F (M) la mét truong thé
trong mién 2 13 7ot F (M) = 0, VM€ Q..

Néu truong vecto F=F (M) 1a mot truong thé trong mién 2 thi ham thé vi
u dugc xac dinh theo cong thirc

x y z
u(x,y,z) =j P(x,yo,zo)dx+j Q(x,y,zo)dy+j R(x,y,z)dz + C
Yo

X0 Z9
trong dé My (xq, vo, Z9) € {2.
Vi du 3.(2023) Chirng minh rang
F = e2*(6y%? — 102%) T + (6ye%* + 42%) ] + (8yz — 1522e?*) &
I3 truong thé. Tim ham thé vi ctia F.
%

- - -
Vidu4.(2022) Cho truongvecto F =2x i + (e¥z+3y?%z) j +(e¥ +y3) k

’ — = \ \ \ N . ? =4 ~ s
Tinh rot F va tim ham thé vi cia F (néu cd).
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Bai tap
1. (2023CK) Tinh tich phan mit I = [[(z + 2)dS trong d6 S la phan mé&t non

2= Hy2vei1<z<3. BS.1=v2["dp. [O)r+2)rdr =22

3
2. (2022CK) Tinh I = [[(x + Z+2+ 1)2dSv6i S:2x +3y +2=6, x 2 0,y >
0, z >0, DS 4848
3. (2021CK) Tinhtich phan I = [[.(x* + y*z )dydz + y*dxdz + z°dxdy, trong
d6 Sla matcau 4x2+ y?+ z2 =4,x = 0 c6 hudng theo chiéu dwong truc Oz.
BS.1 =3 fom d¢ f:/z de f01(4r2 — 3r2cos?0)4r? sin 0 dr = 72Tn
4. (2022CK) Tinh tich phén I = [[ . zdydz + x*dxdz + 3xzdxdy, trong d6 S la
mat phia dwdi tru z = x2 gidi han bdi caic mdt y =0, y = 1 — z khi nhin theo
huéng dwong truc Oz. BS =0
5. (2019CK) Tinh tich phan I = [[ y*zdxdy + xzdydz + x*ydxdz, trong d6 S
la phiatrénctamat z=1—-x2—-y%x>0,y>0,z>0.

/2 1 1-7r?
ps. I = fon de [, dr [ "t + 2)rdz = %

6. (2023) Tinh thong lugng cda trudng vecto F x,y,z)=x+y) T - 2y7 +

(z2+1) k. qua phan mat cau x2 + y? + z2 = 1,z = 0, hudng 1én trén.
5
HD. ® = ffgugo_ffgo = 11 _12' ¢ = Il _12 =?T[
7. (2023) Cho (S) la bién cia mién Q:1 < z < 4 — x% — y2, hudng ra ngoai. Tinh
théng lugng cda trudng vecto F(x, y,z) = x3 T+ y2z 7 + xyz P qua mat (S).
27w

_ 3 p2m V3 4—12 _
HD. I==["do [; dr [ = r%rdz==-

8. (2023)Tim dao ham theo hudng I cdia ham u = In (x? + y? + yz) tai diém
A(L;1;1) vé8i [ = 4B va B(=1;2;3).
ou 121

—_— 7 2-2 31
HD. == (gradu, [)==—=+>-+4+-==
a1 3 3 33 33 9

9. (2023) Tinh théng luong ctia trudng vecto

- - - -
F(x,v,z)=(xy?=3z") i +(2x—2z3)j + (x?z+y?) k
qua mat kin (S)la bién chamién V:0 <z < 1 — x2 — y?, hudng ra ngoai..
2w 1 1-r2 , _ 1 3 2 _m
HD. I=["de [ dr[ = r®rdz=2m[ r*(1—r%)dr==
10. (2021) Cho trudng vecto
- - - - ,
Fxyz2)=x(y+2)i +y(z+2mx) j +z(x+y) k, mla tham s6. Goi L Ia

, -
giaocla matx? +y% =2yvamitx? +y? +2z2=9,z=>0.Timm dé lvu s cia F
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doc theo L (hudng nguoc chiéu kim déng hé néu nhin tir phia duong cla truc 0z)
bang khéng.

HD. 1= [[,2m—1)ydxdy = (2m — 1) fon do fozsmq) r2singdr = (2m-—1Dn
Vagy =0 m = %

11. (2021) Tim hwéng matai A(1;1;1) hamsé f(x,y,z) = x? + 2x%y + yz gidm
nhanh nhat. Tinh dao ham theo hudng nay tai A.

HD. a”(’”) = grad f(A)|| 6. +3. =+ 1. 7= = —V46.

12. (2021) Truong véc to
F= (3x2%y + 2z%) T+ (x3 + 6y) T + (4xz + e?) I3
C6 phai la trudong thé khéng?. Tim ham thé vij cla F (néu cd).
X Yy, 3 z
HD. u(x,y,z) = [, 0dx + [/ (x* + 6y)dy + [ (4xz + e*)dz + C
=x3y +3y%2+2xz2+e?+C
13. (2017) Cho trudng vecto F (x,y,2z) = (xy? + 2) T+ (xy? + z) 7 . Tinh
théng luong cua F qua mét paraboloid S: z = x2 + y? vdiz < 1, hudng Ién trén.
3
HD. 1 = ffsﬁ[[(yz —z2) 4+ (22 —x?) + (x? —y?)dxdy] = 0
14. (2017) Ching minh truwong véc to
- 244,24 ,2 -2 - -
F =XtV 2 Qx%yz+ yz) i + Qy*xz+xz) j + (2z%yx + xy) k}
la trwong thé khéng. Tim ham thé vi.
HD. u(x,y,z) = x3fze"2+3’2+22 + C.
15. (2014). Cho ham u = x* + 2yz? + 3xyz. Tinh dao ham 2= (4) trong &6 7
1a vec to phap tuyén huwdng ra ngoai cla mat cdu x2 +y2+2z2 =3 tai diém
A(1;1;1).
U _ (radu ) = 6.1 X 1 _
HD. == (gradu,n) = 6.\/§+5.\/§+7.\/§— 61/3.
16. (2014) Tinh théng ludng cda trudng vecto
- - - -
F (x,y,z) = (cosz+xy®) i +xe 2 j +(x’z+vy) k
qua mat kin (S)la bién cta mién V:/x? + y2 < z < 2, hudng ra ngoai..
_em _ a4 16m
HD. 1= ] dfdrfr rdz = an((Zr r*))dr =—
17. (2014) Ching minh trwong véc to
- - - -
F=0Cx*y+2z) i +x3+6y)j + (4xz+e?) k}
|a truong thé . Tim ham thé vi.
HD. u(x,y,z) = x3y + 2xz*> + 3y? + e? + C.

54



