BAI GIANG GIAI TiCH 1 -NHOM 1 GV NGUYEN DINH BiNH

Chuong 1
PHEP TiNH VI PHAN HAM MOT BIEN SO
I. Him mét bién s6

1.1. S6 thuc
1.1.1. Mot s6 ky hiéu toan hoc can thiét.

Tap hop A = { x |sao cho x c6 tinh chidt P ndo d6} - doc la: tap hgp A bao gébm céac phan tir x

cé tinh chat P nao d6.

V x € A doc la véi moi phan tir x déu thudc tap hap A.

Jy ¢ B doc la ton tai phan tr y khéng thudc tap hap B.

AcB doc A latap hop con cla tap hdp B, hay tap hdp B chira téap hgp A.

:= dudc dinh nghia la (hay c6 nghia la).

A = B doc la A kéo theo B hay A la diéu kién can dé co B.

A < B doc A la diéu kién can va dd cla B.
1.1.2. Tap hop sé thuc

1) Tap hopsétunhiéen N:= N = {0,1,2,...}, Nt =N\{0}

2) Tap hop s6 nguyén Z:= Z = {0,+1,%2,....}.

3)Taphopsé hiuty Q := Q = {§|p,q €2,q#0}.

Moi sé hitu ty déu co thé viét duoc dudi dang sé thdp phan hitu han hay vé han nhung tuén

hoan va nguogc lai.

Vidy1.86 == 08; ngugclai 0,8 =

8 _ 4
10 5
Vidu2 S6a = % = 1,333...= 1,3 la sé thap phan vé han tuan hoan.
4) S6 thap phan vo han khong tuan hoan goi la s6 vo ty, dong thdi s& vo ty khong thé viét
dudc dudi dang ty s6 clia hai s6 nguyén.
Vidu 3. Cac s6 V2 = 1,41419 ... ... ;= 3,14159 ... ... la cac s6 thap phan vé han khéng tuan
hoan va goi la cac s6 vo ty.
5) Tap hop cac s6 hitu ty va vo ty goi la tap hgp s6 thuc va ky hiéu 1a R.
Nhuvady NcZ cQ cR.
1.1.3. Truc s6 thuc: Xét dudng thing, 18y diém O l1am gdc, bén phai géc O 1a mét chiéu duong,
ngugc lai la chiéu am (Hinh 1.1).

| | [
0 ‘M k
Hinh 1.1
1.1.4. Tri tuyét déi cua sé thuc, khoang, doan sé thuc.
Dinh nghia 1.1.1. V6i s6 thuc a € R. Ta goi tri tuyét déi clia s6 a la sé thuc khong am, ky
hiéu:
|a|={ a néuaZO
—a néeua<o
Vidu4. |5| = 5; -7 = —(=7) = 7.
Mot s6 tinh chat cla tri s6 tuyét doi
la+b| < |a| +|b|, |a—b|=|al—|b],
|ab| = |al|b], =

= m, (b #0)
Mét s6 ky hiéu
Vx € (a,b) < a<x < b doclakhoang (a, b).
Vx € [a,b] ©@a<x<b docladoan [a, b].

a

b




BAI GIANG GIAI TiCH 1 -NHOM 1 GV NGUYEN DiNH BiNH

Vx € (a,b] & a < x<b doc la doan hd bén trai (a, b].
VxeR <o —-—wo<x<+on
Taclngcod: |x—a|<ae —a<x—a<oa Da—a<x<a+a
X —a>a
x —a< —a’
1.1.5. Tap hop bi chan. Nguyén ly can trén ding, can dudi ding
Dinh nghia 1.1.2. Cho tap sé thuc A< R.
1) Tap hop A goi la bi chdn trén, néu 3 M e R sao cho ¥V x eA = x < M. Trong trudng hgp nay
ta cling n6i M la céan trén cla tap hop A.
2) Tap hop B goi la bj chan dudi néu 3m e R sao cho Vy € B =y >m Trong trudng hop nay
ta cling n6i m la can dudi cta tap hop B.
3) Tap hop A vira bi chan trén via bi chan dudi goi la tap hop bi chan (hay tép hop gidi ndi).
Trong trudng hdp tap hdp A bi chan trén bdi s6 M, va M la mét can trén, s6 M nhd nhét trong
tap hop tat ca cac can trén clia tap hop A dudc goi la can trén ding cla tap hop A.
Ky hiéu M* = suf A (doc la suprémum).
Tuong tu s6 m" 1a s6 16n nhét trong tat ca cac can dudi clia tp hop B dudc goi la can dudi
dang cla tap hop B va ky hiéu: m* = infB (doc la anhphimum).
Néu s6 M* € A thi M* = max A (cuc dai) va néu s6 m* € B thi m* = min A (cuc tiéu).
Nhu vay s& max va min thi thudc tap hap dé, con sufva inf c6 thé khéng thudc tap hop dang xét.
Vidub XétA = {x|x < 1}.
Tap hdp nay khong ton tai max A, con suf A = 1 (la can trén dang cla tap hgp A).
DG6ivéi B = {x|x <1} thi maxB = sufB = 1.
1.2. Gidi han cua day sé thuc
Dinh nghia 1.2.1. Xét day s6 thuc { x,} n = 0,1,2,... S6 a dudc goi la gidi han cla day sé
{ x,} Néu Ve > 0 cho trudc, Iny (&) e N*: v > ny=|x, — al < ¢.
Ky hiéu limx, = a hay x,, — a khin — .

n—o

|x —al > oc@[

Trong trudng hgp limx, = a (hGu han) ta cling n6i day { x,,} hdi tu téi a, con limx, khong
n—-oo n—
ton tai hay c6 gidi han la vo han (o) thi ta n6i day { x,,} phan ky.

Vidu 1. Chiing minh ring lim 222 =2
n—oo 3n+2 3

Dinh nghia 1.2.2. D3y { x,},n = 0,1,2,...c0 gidi han la vé han néu vM > 0 di I6n cho trudc,
Ing(M): v > ny=|x,| > M. Ky hiéu la limx,=.

n—

Vidu 2. Xétday s6 x, = 2n + 3 thi limx, = + .

n—e
Dinh Iy 1.2.1. Néu day s6 {x,,} tén tai gi6i han thi gidi han d6 & duy nhét.
Dinh ly 1.2.2. Gia st cac day s6 {x,} va {y,} ton tai cac gidi han limx, = a, limx, = b thi:
n—oo

n—-oo

1) lim(x, + y,) = limx, + limy, = a + b,
n—e n—w n—e
2) lim(x,.y,) = limx,. limy, = a.b,
n—e noeo = noeo
limx,
3) lim In — ”l*L =2
n—e Yn TIIT}OYn b
4) Néu x, <y, vn > ngthia<b.
Chu y: limC = C, C = const.

n—

Tu dinh ly nay, co thé sdy ra truéng hop oo — o, 0. 00, g %gc_)i la dang bat dinh.

(b % 0).
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Dinh Iy 1.2.3. Cho ba ddy s6 {x,},{y.}.{z,} va néu
i) Xp<yn<z, "m > n,,

i) limx, = a, li

n

n—e

im z, = a,
—00
thi limy, = a.

b
Dinh ly 1.2.4. Néu day s6 {x,} thod man cac diéu kién

i) day {x,}don diéutang = x,,1 = x, "n > n,,

ii) day {x,}bichantrén:=x, <M vn > n,
thi day s6 {x,} t6n tai gidi han.

Con néu

i) day {x,} don diéu giam := x,..; <x, ¥n > n,,

i) day {x,} bi chan dudi :=x, >m vn > n,,
thi day sé {x, } ton tai gidi han.
Vi du 3. Tim cac gidi han cla cac day so sau:
Ngoai cdc dang bét dinh trén, ta con gap mot sé dang khdc: 0°,°, 1%, 0%,
Vi du 4. Chiing minh rang flﬁw =1. (9.

1

Gidi: x, = Yn=nn .

0.0).

n—2s0

n 2 2 i . 2 2 _ A o
Hay 13\/ﬁsﬁ+1—zmal1m—n+1—;—1, Vay limVn=1.

n—oo n—e

Hay ching minh day {x,} ton tai gi6i han va tim limx,,.

Gigi- Ta sé chirarang day {x,} don diéu tang v;bi chan trén thi ton tai gi6i han.
Thatvay x; = V2<2;x, = V2+V2 < V242 = 2.

Bang quy nap, gid sidungvéi n = k = x, < 2,tachiradingvéin = k + 1.
Ta cod x4y = /2 +x, <V2+2=2, dodb day x, bi chdn trén bdi sé 2.

Day {x,,} la day don diéu ting Vi xn.1 = /2 4+ X, > /o + x5, = /220, > Jo00. % = x5
Tatim limx,. Gid st limx, = a>0. TUx,,; = \m

n—oo n—oo

=>x:4+1=2+x,=>a’=2+ a=a ={_21 (Loai). Vay limx, = 2.
n—eo

Vi du 6.(2017N1) Xét sy hoi tu va tim gidi han (néu cd) cla day so {x,}:
x1 > 0,%541 :% (xn +%>,n >1

1.3. Ham s6 moét bién sé

1.3.1. Mot s6 khai niém

Dinh nghia 1.3.1. Cho hai tap hop khac réng X —R,Y cR. Néu méi phan tir x € X, theo mét
quy luét xac dinh, dat tuong tmg vai mét va chi mot phén tir y €Y, thi ta néi trén tap hop X cho
ham s6 f (hay anh xa f) co tap hop gia tri trén Y.

Kyhiéula f: X »Yhayx eX,y = f(x)eY.
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Tap hop X goi la mién xdc dinh (MXP) clia ham s6 f(x), ky hiéu 1a D(f); con tap hop Y gébm
cac s6 c6 dang y = f(x) goi 1a mién gia tri (MGT) cGa ham sé f(x); ky hiéu la R(f).
Mién xac dinh clia ham sé trong céac trudng hop don gian la:
Khoéng (khoang md) (a,b) haya < x < b.
DPoan (khoang déng) [a, blhay a < x < b.
Khoang déng bén phai (a,bl hay a < x<b.
Khoang nlta vé han (a, +o)haya < x < +oo.
Khoadng vé han (—w,+ ©)hay — o < x < +oo.
MX®D ciing c6 thé la hap clia mét s6 khoang hay doan, ...
DO thj cia ham sé y = f(x) 1a quy tich cac diém cla mat phing xOy véi cac toa do 1a
(%, f(x)),x €X.
Vi du 1. Tim mién xac dinh, mién gia trj cha cdc ham s6 sau:
a) f(x)= 3x + 3,
b) f(x) =+vV4—x2,
¢) f(x)=arccos (lni) (2022N1) ,
d) f(x)=arccos(e*), (2017N1)
e) f(x)= V2x —1+ 4arcsin3xz—_1, (2017N1)
+ f(x) c6 MXP X = [~1,1]hayX = (—=L,]) cR goi lIa ham sé chan néu f(—x) = f(x), V6i
Px € X.
+ f(x) ¢6 MXD X =[—lllhay X = (=, 1) cR goi la ham sé Ié néu f(—x) = —f(x), Vi
x € X.

Ham f(x) goi /a ham tudn hoan trén tap X néu ton tai s6 duong T sao cho Vx,x + T € X
(MXP) ta c6 dang thiic f(x +T) = f(x). S6 T goila chu ky clia ham s6. Chu ky co s clia ham
s0 la s6 duang T bé nhéat ¢ tinh chat trén.

e D6 thi ham sé chan d6i x(ing qua truc tung.

e DO thi ham sé 1é déi xing qua gdc toa dd 0(0; 0).

e D6 thi ham sé tuan hoan I4p lai sau méi chu ky.
Vi du 2. Xét tinh chdn | clia cdc ham s6 sau:

a) f(x) = cosz?x

b) f(x) =lg(x +V1+x2).
c) f(x) = sinbx + tandx.
d f(x)=35-—x+3V5+x (2019N2)
e) f(x)=+v2—x++/2+x. (2022N1)
Cho ham s f(x) xac dinh trén X:
v NEu Vixy,x; € X, x1 <x,= f(x1) < f(x2), (f(x1) < f(x)) goila ham don diéu tang
(khdng giam) trén X.
v NEu Vxy,x, € X, %3 <x,= f(x1) > f(x), (f(x1) = f(x)) goi 1a ham don diéu giam
(khéng tang) trén X.
v Ham don diéu chi tang hoac giam trén MXB X goi chung la ham don diéu.
v Ham s6 tang trén MXD X con goi 1a ham sd dong bién .
v/ Ham s8 giam trén MXB X con goi la ham sé nghich bién.
Vi du 3. Xét tinh don diéu cla ham s0 f(x) = x® + 3x + 5.
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1.3.2. Ham sd hop

Dinh nghia 1.3.2. Cho 3tdp hop X cR; Y cR; Z cR. V6i mbi x € X cho ta mét va chi mét
y=f(x)eYvéimoty eYcho ta mdt va chi métz=g(y)eZ,=>z= gly) = g[f(x)] =
h(x) e Z voi x € X, goila ham s6 hop clia ham s6 g va ham s6'f, x la s6 doc 1ap, y = f(x) la bién
s6 trung gian. Ham sé hap h(x) con ky hiéu 1a h(x) = gof(x)va hlaanh xa X - Z

Chu y: g[f (x)]=flg(x)].

Vidu4. Cho X=Y=Z=R va y=f(x)=x%+ 2; y=g(x) = 2%,

1.3.3. Ham sd ngudc

Dinh nghia 1.3.3. Cho X cR; Y cR.

Song anhf:X -»Y,x €X, x = y = f(x)eY (sutuong tng 1-1 gilta cac phan tir x e X va cac
phantlr y €Y). Néu v8i mbi y €Y tuong tng xac dinh duocx = g(y) € X thiham s6 g duoc
goi la ham sé ngugc clia ham sé f.

Kyhiéu g = f1: Y >X,nghialaf Ly » x = f1(y) eX.

TU dinh nghfa ta suy ra, néu y = f(x) (1) la song anh tir X — Y thi ta giai x theo y, ta dudc
hamsé ngudccllahamsbéy = f(x)la x =f 1 (y) (2).

DO thi cta hai ham s6 (1) va (2) trung nhau trén cing hé truc toa do.

Trong thuc té& ta van thudng s dung x 1a bién s6 doc 1ap, v & bién s phu thudc, tur (2) déi
vaitro cla x vay => y = f “1(x) (3) cling dudc goi la ham s ngudc clia ham s6 y = f(x).

DO thi ham s6 (1) va (3) doi ximg véi nhau qua dudng phén giac thir nhéat y = x.

Vidu5.Cho y = f(x) = x3(*), flasonganhtiR —R.

TU () =>x=3y=f"1(y), d6ivaitoxva y:y =f"1(x)=Vx (2.

D6 thi (2%) d6i xiing véi d6 thi (*) qua duding thidngy = x  (Hinh 1.2)

yA

3 L
y=x'/ .

Hinh 1.2

Vi du 6.(2022N1) Tim ham f(x) biét rang (fog ) (x) = x> —x + 1va g(x) = x + e*.

ex

Vidu 7. (2019N2) Tim ham ngugc cia ham s6 y =

eX+1
Vi du 8. (2022N1) Tim ham ngwoc cla ham s6 y = In Xl

2x—1

Vidu 9. (2022N3) Tim ham ngugc cla ham s6 y = sh(2x)

1.4. Ham s so cap co ban, ham sd cap

1.4.1. Cdc ham sé so cdp co ban

1) Ham sé Ity thira: Dang y = x% a €R.

Mién xac dinh phu thudc vao a, ching han o e N thi MXD ¥'x e R. o nguyén am, thi
MXD vx R\ {0}.

ae= E €N*,q+ o}, thi MXD ¥x R, néuqlé, va MXD x >0 néu q chin,
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Néu o la sé vé ty thi quy Goc chi xét x > 0 khi o > 0 va x > 0 khi o < 0.
2) Hamsé mi: Dang y = a*, agoilacdsd,a > 0, a =#1.

MXD Vx € R, MGT 0 <y < +oo. D6 thi ham s6 mii luén di qua diém (0;7);
Ham s6 dong bién khi a > 1, nghich bién khi0 < a < 1.

Céac ham s hypecb6n. Trong ham s6 mi, ngudi ta cling y 4
xét dén loai ham s6 mi c6 co so tu nhién e, (e lasé vo ty) y = chx
Ta dinh nghia cho cac ham hypecbén sau:

-X

N ~ X+ S s . A
Hams6y = chx =2 Ze goi 1a ham cosin-hypecbén ,

X_p—X ]
y = shx =2 ze goi la ham sin-hypecbdn.
_ _ e¥—e7X S 1A A
y = thx = o= 90 la ham tang-hypecbon. - 7
y = cothx = égoi la ham sé cotang-hypecbén. /-l
7 N " .~ ’ ol /
Ta cling c6 mOt s6 cdng thic lién hé gitra ching véi nhau: / .
ch? x —sh? x =1, (2022N1); Hinh 1.4

sh(xty) = shx chy + chxshy,
sh(2x) = 2shxchy; thx =2=,... (Ddc gia ty kiém tra).
3) Ham sé logarit: ham s6 logarit 1a ham s6 ngudc clla hamsé mi y = a* (1)(a > 0, a=)thi
x =log, v, (2), d6i vai trd clia x va y ta dudc y = log, x (3) goi 1a ham s6 logarit, ala co s6 (a >
0,a #1), MXb vx > 0.

D6 thi ham sd (3) d6i xiing véi do thi ham sé (1) qua dudng phan giac tht nhaty = x.

y =log, x

Hinh 1.5a Hinh 1.5b

y = log, x: tang (hay déng bi€én) néu a > 1 (Hinh 1.5a),
giam (hay nghich bién) néu 0 < a < 1(Hinh 1.5b).
Khia = 10, logarit thap phan, y =1gx, Khia = 10 logarit ty nhién, ky hiéu y = Inx.
4) Ham s6 luong giac (nhéc lai). B6n ham sé luong giac théng thudg la:
a)y =sinx, MXDP V'x eR,b) y = cosx, MXD V'x R,
A

c)y =tan>

Hinh 1.6a



BAI GIANG GIAI TiCH 1 -NHOM 1 GV NGUYEN DINH BiNH

______________7______________
N __

Hinh 1.6

5) Ham sé lugng giac ngudc:

a) Xét x e [—gg] thi y = £(x) = sinx (1) 12 ham s& don diéu, nén t8n tai ham ngugc x =
f~1(v), ky hiéu 1a x = arcsiny (2), d6i vai trd x va y cho nhau ta dudc y = arcsin x, |& ham s6
ngudc clia ham sd y = sinx.

Vay y = arcsinx (3) MXD |x| <1, MGT—% <y _<§, va c6 thé néi y = arcsin x la cung ma cé
siny = x. D6 thi ham s6 (3) va (1) déi xing qua dudng phan giac th nhdt y = x (Hinh 1.7a).

Do y = sinx la ham tuan hoan chu ky T = 2r, nén: y = sinx = sin (x + 2kx); k Z, thi
_ [ arcsinx + 2kn
Y T —arcsin x + 2km

b) Xét x [0, #], thihamy = f(x) = cosx |a ham s6 don diéu , nén ton tai ham ngugc.
Tuaong tu trén ta cd y = arccos x la ham s6 ngudc clia ham sd y = cos x.

Vay y = arccos x la ciing ¢6 cosy = x (Hinh 1.7b). MXD |x| <1,MGT O0<y<r

la ham da tri va arcsin x goi la dinh tri chinh

Ay
Y=arccosx YA
/2 /2 y=arcsinx
1 e y=sinx
1= N < 7 g o
TOor T "Rt e zle 2 X
N\ L= _1
Y=COSX /2
. Hinh 1.7a
Hinh 1.7b

Pong thdi véi y = cosx = cos(x + 2kn) thiy = #arccosx + 2krx, keZ ,arccosx la dinh tri
chinh.
Vs

c) Xétx e (—;;E) thi y = tan x la ham don diéu, hoan toan nhu trén ta c6 ham ngudc clia ham
y =tanx lay = arctanx, MX§ Vx e R, MGT —% <y < %,

DPong thdi ta cling c6 y = tanx = tan (x + kz) =>y = arctanx + kx, ke Z; arctanx la dinh
tri chinh.



BAI GIANG GIAI TiCH 1 -NHOM 1 GV NGUYEN DINH BiNH

d) Xétx € (0; 7),y = cotx =y = arccotx laham s6 ngudc cla ham y = cotx;
MXD vx eRMGT 0 < y < n Vatacilngcdy =arccotx + km k Z;arccotx la dinh tri
chinh (Hinh 1.9).

y 4 'y=tanx

H 72 \
/ y=arctanx \\y=arccotx

e R [ B B ol o~ 7 <"
R \'
1 \
I -2 \ y=cotx
| |
I I
Hinh 1.8 Hinh 1.9

1.4.2. Ham so cép: Véi 5 loai ham s6 hiiu han co ban xét trén, ta c6 thé t6 hop bang moét s6
hitu han cac phép tinh dai s6 ( cong, trir, nhan, chia) va phép lap ham s6 hop dé tao nén ham sé
m&i (k& ca ham hang) goi 1a ham sé so cap.

Vidui. y = ax +b; vy = ax? + bx + ¢; y = e*sin(3x + 2) — logz(x? + 2) lanhing
ham s6 sa cap.

Trong ham sé so cép ta phan biét ham s6 dai s6 va ham s6 siéu viét:

a) Ham s6 dai s6 (ham s6 tudng) la ham sé ma khi tim gia tri clia nd ta chi can thuc hién mot
s6 hitu han cac phép tinh dai s6 (cong, trlr, nhan, chia va luy thira vGi s6 mi hitu ty) véi d6i s6
VaZ+2x-1

x2+2
Trong I6p ham s dai s6 thi ham sé dang don gian nhat la dang da thic:

y=ag+ax+...+a,x" (a; eR, i = 0,1,..,n; a,=0) la da thicc bac n.
ap+ta;x+..+apxm
bo+bix+..+bypx™
trongdé a; eR,i = 0,1,..,n; b; eR,j = 0,1,..,m khong dong thoi bang "0".

Ham sé dai s6 khdng phai ham sé hitu ty goi la ham sé vo ty.

b) Ham s6 khdng phai dai s6 goi 1a ham sé siéu viét,chdng han:

y =sinx + x? — 3x; y =x.2% y=arctan ﬁ la cac ham s0 siéu viét.

clia né,chang han y =

Ham sé cé dang ty s6 cla hai da thc goi la ham s6 hiu ty: y =

Il. Gi¢i han va lién tuc

2.1. Giéi han clla ham s& mét bién sé&

2.1.1 Cac dinh nghia

Dinh nghia 2.1.1. Cho ham s6 f(x) xac dinh trong khodng (a,b) hodc (a, b)\{x,}, xo € (a, b).
Ta noi ham sé f(x) c6 gidi han la L (hitu han) khi x dan t8i x, néu bét ky day sé {x,,}< (a, b) \{x,}
ma x, —xo khin— o => f(x,) - L. Ky hiéu xlir;zf(x) = L.

Dinh nghia 2.1.2. Cho ham s6 f(x) xac dinh trong khoang (a,b) hodc(a, b) {x,},x, € (a,b).
Ta noi ham s6 f(x)cé gidi han la L (hiu han) khi x — x, néu bat ky ¢ > 0 cho truéc déu tim
dugc s6 &) >0 saocho 0<|x — x,| <d=|f(x) — L|<e. Ky hiéu xlir;zf(x) = L.

—Xo
Tuaong tu ta ciling c6 dinh nghia cho giéi han clia ham s6 f(x) — o, khi x — co.
Pinh nghia 2.1.3.
1)xlir;zf(x) =0o& VM > 0,36 > 0saocho 0 <|x — x,| < d=|f(x)| > M.
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2) limf(x) =L (httu han), & Ve > 0,3A > Osaocho |x| > A=|f(x)—L|<e¢
X— 00
3) limf(x) = coe2 VM > 0,34 > 0saocho |x| > A=|f(x)—L| > M.
X
Chu y : D& chiing minh ham s6 t6n tai gi6i han ta sé& st dung Pinh nghia 2.1.2, con Binh nghia
2.1.1 thuan Igi khi chiing minh ham s khong ton tai gidi han .
Vi du 1. Chiing té rang Lim cos% khong ton tai.
xX—
Vi du 2. Chiing minh rang lim (2x —5) = 3.
xX—
Vi du 3. Chiing minh rang: lin%(sz +3x+1)=6.
X—
Vi du 4. Chiing minh rang : lim logex =+, (a>1).
X—+00
2.1.2. Tinh chat, phép toan va tiéu chudn ham sé ton tai gidi han
2.1.2.1. Tinh chat
a) Néu ham f(x) c6 gidi han khi x — x, thi gi6i han do la duy nhét.
b) limC = C (C- const).
X—=Xq
c) NEuf(x)<g(x) Vx e (xo —35,%xg + S)va limf(x) =a, limg(x) =b thia <b
X—Xq X—Xg
2.1.2.2. Mgt s6 phép todn vé gidi han
Gia stt limf(x) = a, limg(x) = b thi:
X—Xq X—Xg
a) limC.f(x) =C.limf(x)=C.a, (C-const).
X—Xq X—>Xg
b) lim[f(x) tg(x)] = limf(x)* limg(x) =aztb.
X—Xg X—Xo X—Xo

c) limf(x).g(x) = imf(x). limg(x) = a.b.

4 lim £ im £ (0 b 20
) xixogm Jim gG) 5 (b=0)

( Dua vao dinh nghia dé dang chimng minh dudc cac phép toan trén ).
Néulim f(x) = o llmg(x) = oo trong phép toan b) ta gap dang bat dinh o« - o, trong phép

X—>Xo
toan c) gap dang 0., trong phép toan d) gap dang 6 hoac =
Khi tim gi6i han, gap dang bat dinh trén, tuy tiing bai toan cu thé ma ta tim cach dé khir cac
dang bat dinh d6.

4x5—x2+7
Vidu 5. Tim lim
x51 3x++x2+1

3x%2-9x—2
Vi du 6. Tim lim =22 =<2
x—2 X>—Xx—6

Vidu7.Tim lim ( © )

3x2-4  3x+2

X—+00
1
Vi du 8. (2022N1) Tinh Lim (ﬁ - = (x_l)).
Vi dy 9. (2020N1) Tinh lim 2522

2.1.2.3. Tiéu chudn tén tai gidi han
Tiéu chuan 1: Gid st ba ham s6 f(x), g(x), h(x) thod méan cac diéu kién

a) f(x) <h(x)<g(x) Vx e(a,b), .
{b) limf(x) = limg(x) = L => xligloh(x) = L.
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Tiéu chuin 2: Néu ham s6 f(x) xac dinh trén R, 1a ham s6 tang bi chan trén bdi s6 M, nghia
la f(x)<M YxeR (hodc f(x) la ham s6 gidm va bi chan dudi béi s6 m, nghia la f(x) >m vxeR)
thi ham sé f (x) ton tai gidi han va lif,” f(x)=L<M (hoac liT f(x) =L =m).

X—+00 X—+00

Nhd cac tiéu chudn nay ma ta chiing minh dudc cac cong thiic quan trong vé gi6i han (6 day

khéng chiing minh )

sinx

o lim===1, (1)
; 1\*
. lim (1 +;) = e =2,71828..., 2)
. tg_x —
o il_r)roz v 1, (3)
° limarcsmx — 1’ (4)
x—0 X
o ImTE =1, (5)
x-0 X
o Iim(l+uwu=e. (6)
u—0
Vi du 10. Tim cac gigi han sau:
a) lim 1-cosx
x—0 x2 ’
. [x+1]7%
o) tim [
c) lim (x+ 2%)1/%, (2020N1)
X—+ 00

2.1.3. Gidi han mot phia

Dinh nghia 2.1.4. Cho ham s6 f(x) xac dinh trong (a,b) hodc (a, b) \{x,}, xo €(a, b) . Ta noi
ham s6 f(x) c6 gidi han phai tai diém xo 1a P khix — x,, (x > x,) néu véi s> 0 cho trudc , ton
tai o(g) >0saocho0 < x — xo < d =2|f(x) —P| < &

Ky hieu lim f(x) = f(x, + 0) = P (gi6i han phai).

X—Xo+0

Tuong tu, ta néi ham s6 f(x) c6 gi6i han trai tai diém xo la T khix — x5, (x < x,) néu Véi &>
0 cho truGc tdn tai 5(g) > 0saocho 0 < xp—x < S=|f(x)—T| < &

Ky hiéu quggz_of(x) = f(x, — 0) = T (gi6i han trai) (Hinh 2.1).

y A yA
y=-2x+3\|3
P L
r 1 /y=3x5
> o0 |1 j/ e
0 Xo X :
2 L
Hinh 2.1 Hinh 2.2

2x+3 néu x<1
3x—5 néu x=>1
—”‘jf“" khi x — 0.

Vi du 11. Tim gi6i han mét phia cla ham s6 f(x) = { khi x —1.

Vi du 12. Tim giéi han mot phia clia ham f(x) =

10



BAI GIANG GIAI TiCH 1 -NHOM 1 GV NGUYEN DiNH BiNH

2.1.4. V6 cung bé, vo cung Ién

2.1.4.1. V6 cung bé

Dinh nghia 2.1.5. Pai lugng a(x) goi la vé cung bé (VCB) khi x —x, néu lima(x) =0 (x,
X—Xg

co thé€ la hiu han hodc + ).
T dinh nghia suy ra cac tinh chét sau:
1) Téng dai s6 clia mot s6 hitu han cac  VCB trong cung qua trinh x —x, la mét VCB.
2) Tich ctia VCB véi ham s6 f(x) bi chan (nghia la |f (x)| <M) khi x —x, la VCB.
3) Tich hitu han cac VCB trong cung moét qua trinh khi x —x, la VCB.
Chu y : Hang s6 C du bé bao nhiéu cling van 1a hang s6, khéng phai la VCB.
Vi dy 13. Chiing minh réing ham s6 f(x) = (x — 1)2sin®—la VCB khi x —>1
Khi xét nhiéu VCB trong cung mét qua trinh, VCB nao dan dén "khéng" nhanh hon,
chdm hon ta co dinh nghia sau, goi la bdc cua cdc VCB.

Dinh nghia 2.1.6. Gia sir a(x) va B(x) la hai VCB trong cting qua trinh x —x,. Xét ty s6

n a(x)

Bx)
1) Néu lim 22 = 0 thi a(x) 14 VCB béc cao hon (x).

X—X 3( )

2) Néu lim == /3( ) = oo thi a(x)la VCB bac thap hon B (x).
X—Xo

3) Néu lim “E"; =A+0,A+0o thi a(x)véz B(x) Ia hai VCB cung béc.
X—>Xg

Trong trudng hop khi A = 1 nghia la lim =X ) = 1 thita nbi a(x) va B (x)la hai VCB tuong duong

X=X (
khi x = x,, ky hiéu a(x)~f(x).
4) Néu ty sé trén khong ton tai gidi han thi ta néi hai VCB a(x) va B(x) khdng so sanh
dudc vdi nhau.
Vi du 14. Hay so sanh VCB ¢(x) = x khi x — 0 véi cac VCB sau
fi (x) =tanx3, f, (x) = Vsin%x, f; (x) =9 +x —3va f, (x) = arctanx.
TU khai niém vé VCB tuong duong va cac cong thiic gidi han trong muc 2.1.3 ta ca: néu a(x)
la VCB khi x = xg, thi sin a(x) ~a(x); tan a(x) ~a(x); arcsina(x) ~a(x); arctana(x) ~ a(x).
(7)
Vi du 15.(2020-2 ) So sanh hai vé cing bé a(x) = tan? (3x),B(x) = e — 1 khix > 0
Vi du 16. (2017-2 ) So sanh hai vé cung bé a(x) = vx — ¥x — Vx,B(x) = \fo —1 khix > 0%

Vi du 17. (2020N1) So sanh hai vo cung bé a(x) = KExHI=VX) B(x) =In— L khix > 0*
Vi du 18..(2020N1 ) So sanh hai vo cung bé a(x) = sm;ln (1 + ;) , B(X) = 2+1 (a€R) khix -

(0]
2.1.4.2. V6 cung Ion
Dinh nghia 2.1.7. Pai lugng F (x) goi la vé cung I6n (VCL) khi x - x,, néu lim F(x) = oo,

X—Xq

Tu dinh nghia vé VCL, dé dang suy ra: Néu F(x) la VCL khix — x, thi % la VCB trong qua
trinh d6 (x — 0) va ngudc lai. Vay hoan toan nhu trén ta ¢ thé suy ra cac tinh chat clia VCL,
ching han F; (x), F,(x) 1a hai VCL trong cting qua trinh x — x,, néu lim % =1 thi F;(x)~F,(x)

x—oxy F2(x
khi x — x,.
Nhg VCB va VCL tuong duong ta c6 dinh ly vé khir dang bat dinh 03 g khi tim gidi han.

11
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Dinh Iy 2.1.1. Gid st f(x),g(x),f (x),g (x) la nhilng VCB (VCL ) khi x - x, va
F ) g(0) <5 () thi lim L = fim IO
fOIf )5 g(x) ~g (x) thi lim 25 = lim 2 (8)

Chung minh : Xét lim ——= L) — iy L8 90 [ iy T gy IOy TO) gy T

x-x0 () xoxg FCO) g0 GG xoxg FX) xox0 9O xoxg TX)  xox0 (1)
Hé qua 1. Néu a(x), f(x), x (x) la cac VCB trong cung qua trinh x - x,, a(x) la VCB co bac
thadp nhét so vdi B(x) va y (x) thi a(x) + B(x) + y (x) ~a(x). 9)
Cong thic trén goi 1a quy tic ngat bd VCB bac cao trong mot téng cac VCB.
Hé qua 2. Néu f(x),g(x),h(x) la cac VCL trong cung qua trinh x - x, va néu f(x) la VCL

béc cao nhét thi f(x) + g(x) +h(x) ~f(x). (10)
Cong thic trén goi la quy tac ngat bd VCL bac thap trong mét téng cac VCL. ap dung quy tic
trén ta c6 cong thtc saukhix >0vap>0: (1 +x)? — 1 ~px, (11)
p(p-1) 2, .
That vay, xét lim & iy P T i (1 + 2+ ) =1.
x-0 px x-0 pXx x-0 2

Vitx+x2-1

sin 4x

Vi dy 19. Tim Lim
X
Vi dy 20. (2020N1) Tim Lim In(1+2arctanx)
X

eX—cosx

, . sin2x arcsin? x—arctan?x
Vidu 21. Tim lim :
- x—0 33/x. Vtan?x

3
Vidy 22. Tim lim 22522 f“

x>0 4x3+Vx7-

Vi dy 23. (2017) Tim Lim M

3x2-4si 3x’
Vi du 24. (2022N1) Kh| x — 00, ham s f(x) = xsinx c6 bi chdn khéng? C6 phaila vé cung 1én
khong? Giai thich.

2.2. Tinh lién tuc va gian doan cia ham sé
2.2.1. Khai niém vé su lién tuc va gian doan cua ham sé
Dinh nghia 2.2.1. Ham s6'y = f(x) goi la lién tuc tai di€ém x,, néu

1) Ham s6 d6 xac dinh tai diém x, va lan cén x,,

2) limf(x) = f(xo).

X—Xg
Cha y rang muén cé lim f(x) = f(x,) thiphdicd lim f(x) = lim f(x) = f(x,).
X—>Xg xX—x9—0 X-x9+0

N&u ham s6 f(x) :
+ lién tuc tai moi diém cla khoang (a,b) thi ta néi ham s6 lién tuc trong khoang (a,b) doé.
+xac dinh tai a va xiimof(x) = f(a) thi ta néi ham sé lién tuc bén phai cta diém x=a.
+xac dinh tai b va xiilmof(x) = f(b) thi ta n6i ham s6 lién tuc bén trai ctia diém x = b.
Né&u ham sé lién tuc tai moi diém trong (a,b) va lién tuc bén phai cla diém a, lién tuc bén trai
clia diém b thi ta néi ham sé lién tuc trén doan [a,b].
Vé mat hinh hoc: néu ham sé f(x) lién tuc trong (a,b) thi trong khodng d6 d6 thi ham s6 y =
f(x) 1a dudng cong lién.
Dinh nghia 2.2.2. Ham s6 f(x)khong lién tuc tai diém x, (hitu han) thi diém x, goi la diém
gian doan clia ham sé.
Néu x, la diém gian doan ma tai diém d6 c6 . _l)L;Cron_ SO =fxo—-0); iir()ri S =fxo+0)

hiru han thi diém x, goi la diém gian doan loai 1 clia ham s6 f(x) va |f(x, + 0) — f(x, — 0)|=4
goi la budc nhay clia ham s6 f(x) tai diém x,.
Trudng hop A =0, nghia la f(x, + 0) = f(x, — 0) thi diém x, goi la diém gian doan bé dugc.

12
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Cac diém gian doan khac goi la diém gian doan loai 2, nghia 1a tai diém x, hoic f(x, + 0),
hodc f(x, — 0) khéng tén tai hoac c6 gii han |1a vo han.
Vi du 1. Xét su lién tuc hay gian doan clia cac ham so :

sinx .

a) f(x)={ . Knix#0 tai diém x = 0,
1 khix=0
3 d

b) f(x) === taidiémx=—1.

n(1+2x%) .
) f(x)= { ~ Kkhix#0 5017N1)
0 khix = 0

1
d) f(x)—arctanm (2020N2)

N tan(2x) Kkhix + 0
Vidu 2. (2019N2) V&i n bang bao nhiéu thi ham sé sau lién tuc tai x=0: f(x) = { X7 Ix
2 khix =0
1—cos (3x) .
Vi du 3.(2022N1) Tim a dé€ ham s& sau lién tuctai x = 0: f(x) = {m (1+x2) khix # 0
a—1 khix =0

2.2.2. Phép toan vé ham sé lién tuc, su lién tuc cia ham hogp
Dinh ly 2.2.1. Néu f(x) va g(x) la hai ham s6 lién tuc tai diém x, < (a, b) thi

D f@2g@; 2 g fs 3 L5 (gxo) 20,

la nhimg ham sé lién tuc tai diém x,.

Dinh 1y 2.2.2. N6u ham s6u = ¢(x) lién tuc tai di€m x,, con hamy = f(u) lién tuc tai di€m
uy = @(x,), thiham hdp y = f[p(x)] lién tuc tai diém x,.

Cac dinh ly 2.2.1va 2.2.2 c6 thé chiing minh dugdc bang cach st dung dinh nghia vé ham sé
lién tuc tai diém x, < (a, b).

Tu dinh ly trén dé dang suy ra: néu ham sé f(x)lién tuc tai diém xo thi

limf(x)=f [limx] (13)
X—Xo X—>Xo
va  limflp()] = f[limd)(x)] (14)
X—Xg X—Xq
2.2.3. Ap dung tinh chat ham s lién tuc dé khif cac dang bét dinh 3, 1°
N&u «la VCB (a — 0) thi lir%w =log,e, (a>0a#). (15)
a—
Pac biéta = e thi zméwz 1, (16)
a—
Hay In(1 + @) ~a khia— 0. (17)
lin;)t a“a—1 =lIna (a > 0),a #1), (18)
a—
Khia = e thi lim &=t = 1, (19)
a-0 «a
hay e —1 ~a khi a— 0. (20)

D& chiing minh cac cong thiic trén ( chang han cong thic (15)) ta st dung tinh chat lién tuc
1
clia ham logarit. Do lirré(l + a)z = e ( cOng thiic (6) muc 2.1.2) va do ham logarit 1a ham sg lién
a-

.9a(1+a) . l . l By N 2. e .
— = lmé log,(1+ a)a = log, [lm&(l + a)a] = log, e, la diéu phai chiing minh.
a- as

n . lo
tuc nén lim
a-0 4 ’
D& chiing minh cong thic (18), chi can dat a* -1 = #sé dan dén dang cong thic (15).
Trong qua trinh tim gidi han ta con gap biéu thic dang
xl_igl v(x)Iin (x)

limu(x)*™ =e , (21)

X—Xo

13
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Viu? = e’ = e?Inu y3y trong cong thic (21):
e Né&u limv(x) = a; llmu(x) =b,b > 0,a,b htu han,

X-X,

= limu(x
XX,

)v(x) — ealnb — elnba = pa .

e Né&u limv(x) = oo, llmu(x) =1, thi llmu(x)"(") cbédang 1~.

X-X,

e Néu limv(x) =0, llm u(x) =0, thi llmu(x)”(") c6 dang : 0°.

X—X,

e Néu limu(x) = oo, llmv(x) =0,cbd dang o

X—Xo

Cac dang 1%, 0° « ° déu Ia nhiing dang bat dinh , vi v(x)Inu(x) déu cé dang bat dinh 0.c.
Trudng hap lim u(x)*™ c6 dang 1%, c¢6 thé thay céng thiic (21) bdi cong thic sau:
X—Xg

tim v(x)[u(x)-1]
lim u(x)"™) = e (22)
Thuc vay, do u¥ = e?!* = v lW-D+1 'ma y(x) -1 khi x - x, =>u(x) — 1 VCB khi x - x,
nén theo cbéng thic (17) ta cd

_ _ _ n i v(x) — xl_i];lov(x)ln[(u(x)—l)+1] _ xl_i];lov(x)[u(x)—l]
In[(u(x) — 1) + 1] ~u(x) — 1. Vay xlg;zu(x) e .

Vi du 4. Tim lim —2 ‘/_ln(1+3x)
x—0 (arctanﬂ [ 5‘/’? 1]

1
[1+tan ]sinx
+sin )

Vidu5s. Tim lim

x-0

1
Vidué. a)(2021N1) Tim Lim[1 + 2sin x[V5725-=. b) (2020N1) Tim lim [x + 2%z,
x— X—+00

1

[ln (i+x)]% b) [ = lim [ex—l]}'

x—0 x

Vidu 7. (2019N1) Tim cac gidi han sau: a) I = lim

x—>0
2.2.4. Cac tinh chat cia ham sd lién tuc trén doan [a,b] va su lién tuc cia ham ngudc
2.2.4.1. Ham f(x)lién tuc trén doan [a,b] cG tinh chét sau:
1) f(x) la ham s6 gidi ndi trén [a,b].
2) Ham s6 f(x) dat gia tri I6n nhat va gia tri bé nhét trén [a,b].
3) Néu m =minf(x)); M = maxf(x) khia<x <b va vdi batky A saocho m< A<M
thi ton tai xy € [a,b] : f(xy) = A.
Trong trudng hdp riéng f(a) f(b) < 0 thi tim dugc diém ce(a, b)dé f(c) = 0.
2.2.4.2. Sulién tuc cua ham nguoc
Dinh Iy 2.2.3. Néu ham s6 y = f(x)xac dinh, lién tuc va don diéu ngat trong khoang (a,b) thi
ham s do ton tai ham ngudc x = f~1(y) cing xac dinh lién tuc va don diéu ngét trong khodng
bién d6i ctia ham séy = f(x).
Vidu 8.(2022N1) Cho ham s6 f:[1,3] — [1,3]lién tuc. Chirng minh rang tén tai x, € [1,3] sao cho

f(x0) = xo.

Vidu 9.Tim cac gi6i han: a) lim=sin=; b) limx sin 2
x—0X X x—0 X
Vidu 10. Tim cac gidi han sau
. mv1+ax—1
a) lim———.
x—0 X
b) llr+n (sinvx + 1 — sinx).
X—+o00
C) I Trol,/1+tgx;\3/1+smx.
xX—

14
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1
( 1+tgx )5in3x
1+sin '

Vidu 11. Tim lim

x—0
tan(tanx)—sin(sin x)

Vidu 12.Hay chi ra sai s6t trong cach tim lim

x—0 tanx—sin

x+1 khi x > 2
Vi du 13. Xét su lién tuc va gian doan clia hamsé f(x) = {Zx -1 khil<x<?2

x—1 khi x < 1.

x?—a? khi
Vidy 14. Tima dé hams6 f(x) = { x-a P X# 4 ign tuc taix = a.
0 khi x = a,
) . 2 2 _ -2 .
Vi dy 15. (2019N1)Tim a dé ham s6 f(x) = {(e T Dx :;" X * ((’)
i x=0,

Vi du 16. Chling minh rdng méi phuong trinh da thic bac 1& c6 it nhat mét nghiém thuc.
lll. Pao ham - Vi phan

3.1. Pao ham

3.1.1. Dinh nghia va y nghia cua dao ham

Dinh nghia 3.1.1. Cho ham s6y = f(x), xac dinh trong khoang (a,b). Biém x, <(a, b), cho xo
mot s6 gia Ax (Ax c6 thé€ duong hodc 4m), sao cho x, + Axe(a,b) thiham s6y = f(x) c6 s6
giatuong ting Ay = f(xo+ 4x) — f(xg).

Néu lim 2= [im [era0-/Co)

Ax

ax - jm c0 gidi han hitu han thi giéi han doé goi la dao ham clia ham
Ax—0 x>

lim 2. (1)
] ; ) Ax—0 4x ]

Néu ham s6 y = f(x) c6 dao ham tai moi diém xe(a, b) thi ta nd6i ham s6 dé cé dao ham
trong khoang (a,b).

N6i chung néu ham s6 cé dao ham trong khoang (a,b), thi v6i méi x (a, b) ¢c6 f’(x) khac nhau,

s6y = f(x) tai di€m x, va ky higu la y'(x,) = f'(x,) =

nén coé thé xem y’' = f'(x) = Alimof(x“+_f(x) la ham sé clia x trong khoang dé.
X—

¥ nghia vét ly: Van toc tic thdi V(t) tai thdi diém t 1a dao ham clia chuyén dong thing khong
s(t+At)—s(t)

At
y nghia hinh hoc: Pudng cong c6 phuong trinh y = f(x) thi hé s gbc cla tiép truyén véi
flx+Ax)—f(x)

Ax

déu cb phuong trinh s = s(t)va V(t) = s’ (t) = Lim
x—

dudng cong tai diém x bang dao ham tai diém d6 k = f* (x) = lim
x—
Céc y nghia nay da hoc tir gido trinh phé théng.
Vidu1. Choy = e*, tinh y'.
Gidi: Xét tai diém x bat ky, cho x s& gia Ax thi s6 gia ham s&
Ay = f(x + 4Ax) — f(x) = e¥t¥ — ¥ = ¥ (e™ - 1),
do e — 1 ~ Ax khi Ax — 0 (theo cong thiic (20) Chuong 2), nén
. Ay . e*(ed¥-1) . x X _ _x \a  x r L x
AlchT—t%)AX_Alalczlo—Ax —Alylcr_)noe =et.Vayy = ef =y = e’ (2)
3.1.2. Pao ham mét phia, dao ham bédng vé cuing
3.1.2.1. bao ham mdét phia (lién hé véi gi6i han moét phia)

N&u lim L8297 (oigihan bén trai Ax < 0), lim L[S0 /@
Ax—0—0 Ax : Ax—0+0 Ax

tuong (ing ton tai hiru han thi gi6i han d6 dudc goi la dao ham bén trai, bén phai cia ham sé
y = f(x) tai diém x va ky hiéu la

Mo Oy = i [OHAO-FCO _ g feHan-f@)
fix=0) Axlggl—o Ax BRACRS) Axlir(ﬁ—o Ax '

gi6i han bén phai Ax > 0),

15
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R6 rang néu f'(x — 0) = f'(x + 0) thi Alimow ton tai va chinh la dao ham clia ham sé
x—

f(x)tai diém x. Ngudc lai, néu f’(x — 0) =f’(x + 0) thi ham s6 f(x) khéng c6 dao ham tai diém

x. Trong trudng hop nay dudng cong y = f(x) tai diém x c6 diém goc (tiép tuyén trai, phai cta

diém x khéng tring nhau) (Hinh  3.1).

y A
] y=flx
M
0, by X
Hinh 3.1

TU khai niém dao ham mét phia: néu ham s6 y = f(x) c6 dao ham tai diém x thi ham s6 lién
tuc tai diém do, ngudc lai ham sé lién tuc tai diém x thi chua chic ham sé c6 dao ham (Hinh 3.1).
Né&u ham s6 y = f(x) c6 dao ham trong khoang (a,b) va c6 dao ham bén phai tai diém x = a
va c6 dao ham bén trai tai diém x = b thi ta n6i ham s& da cho c6 dao ham trén doan [a,b].
3.1.2.2. Pao ham vé cung

fxe+ax)—f(x) _
Ax

Ngudi ta cling mé rong khai niém dao ham cho trudng hop Alimo oo, khi d6 ta néi
X—

ham s6 y = f(x) c6 dao ham vé cung tai diém x.

Vé mat hinh hoc: néu f'(x) = «otai diém x (hitu han) thi tai diém x d6 dudng cong y = f(x)
cd ti€p tuyén vuodng goéc véi truc Ox.

Vidu 2. Tinh dao ham clla ham s6 y = |inx|tai diémx = 1.

Cac dao ham mét phia khac nhau, nén ham sé y = |In x| khong ton tai dao ham tai diém x = 1

(Hinh 3.2) va

y=|nx

v

Hinh 3.2
Vidu 3. Tim dao ham clla ham s8 y = Vx — 1, tai diém x = 1.
3.1.3. M6t sd dinh ly vé phép toan cua dao ham
Dinh ly 3.1.1. Gia sir cac ham s6 u(x),v(x),w(x) cung c6 dao ham trong khoang (a,b) va néu:
Dy=u+v-—w=>y=u+v-wl'=uv+7v-w.
D)y =uv=>y = (wv) =uv+ uw.

3) y =Sw=0)thiy =5 =

Dinh Iy 3.1.2. (Dao ham ham hgp) Cho cac ham s6 y = f(u) vau = ¢(x). N6u ham sé
y = f(u) co6 dao ham déi véi u, con ham s6u = ¢ (x) c6 dao ham déi vdi x thi

Ya = [F((0)] =yt (3)

u) _vu-vu

16



BAI GIANG GIAI TiCH 1 -NHOM 1 GV NGUYEN DiNH BiNH

Dinh Iy 3.1.3. (Dao ham ham sé ngugc) Néu ham s6y = f(x) ¢o6 dao ham f’(x)=0 tai diém

x va tén tai ham ngudc x = f~1(y) = o(v), lién tuc tai di€m y tuong img thi tai diém dé6 ham sé
1

x = ¢(y) c6 dao ham theo y va (y) = ﬁ hay f'(x) = —. (4)
Vidu3. Choy = a*,(a>0,a=1). Tinhy.
y = a¥=>y" = a*lna. (5)
Vidu4.Choy = Inx, (x > 0).Tinhy.
Vay y = Inx =y = (6)
Xéttrudng hop y = logex =>y' = — (7)

Vidub.Choy = arcsinx, —1 < x < 1.Tinhy".

Vayy = arcsinx >y’ = S |x| < 1. (8)
Jl—xz
Hoan toan tuong tu, ta c6
y = arccosx =y = \/%, |x| < 1. 9)
y = arctanx =y’ = rlxz, —00 < x < +00. (10)
y = arccotx =y’ =#}162,—00<x<+00. (11)

Vidu 6. Cho y = In{tan[cos(x —3)]}. Tinh y'.
Vidu7. Choy = u(x)"® =>y' =?, trong d6 u(x) va v(x) la nhiing ham sé c6 dao ham

trong (a,b); u(x) > 0,u(x) #1, vxe (a,b).
_ vuwilnu+vu’

Gidi:y = u(x)v(x) => %y/ = p'lnu 4 U.%.u' N2 [

vuln u+vu]
" .

u
Nhu vay, dé tinh dao ham clia ham sé dang y = u(x)*™ ta ti€n hanh:
1) Logarit hai vé theo cd so e.
2) Dao ham hai vé clia dang thiic va tinh theo cdng thiic dao ham cla ham sé hdp, suy ra
két qua.
Phuong phap trén ciing 4p dung dudc ddi v6i ham sé la tich cGa nhiéu biéu thirc.
Vidu8.Choy = (x? + 1)*’, tinh y".
. (x2+1)° ¥x?—1
T xtEea)?
3.1.4. Bang céng thirc dao ham dang nhé
T4t ca cac cong thic da co tir chuong trinh phé théng va cac cong thiic tim dudc trong muc
3.1 sdp x&p lai ta dudc bang cdng thiic dao ham sau
1) Céac phép tinh clia dao ham:
o [ux) + v(x) — wk)] =v(x) + vx) — w(x).

Vidu9. Cho y tinh y'

o [ux).v(x)] = vv + uv.

o [c.v(x)] = c.v',(c = const).
ux)1  vu'—v'u

© [@] T ,(v=0).

o y=fwWu=9x)=>y =y,.u,.

y = f(x) vax = ¢(y) hai ham sé ngugdc nhau: y’,, = x%; x'y = y—l, hay f'(x) = ——.
y X

¢ O

2) M6t s6 cong thiic dao ham:

= (C,(C — const),=> y = C = 0.
x%,x > 0,aeR => (x%)’ = ax®L
= a*,a>0,a#1 => (a*) = a*lna.

°
=R
Il

17
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o y = ex , => (ex)' = e”*,
, 1
o y=Inx, x>0t=> (Inx) = e
oy = logax; a>0, a;tl,x >0 => (loyax)' = xina'
° y = Sinx => (Sinx), = COSX.
e y = cosx => (cosx) = —sinx.
s y 1
e y = tanx, x¢;+kn => (tanx) = T
s 1
* y = cotx, x#kn => (cotx) = ———.
. y ’ _1
o y = arcsinx, |x| < 1 => (arcsinx)’ = Newrrk
, -1
e y =arccosx, |x|] < 1 => (arccosx) = Tx2"
, 1
e y =arctanx => (arctanx)’ = ——.
b1
e y =arccotx => (arccotx) = L

3.1.5. Dao ham cép cao

Dinh nghia 3.1.2. Gid sirham s6y = f(x) co daohamy' = f'(x). Tagoi f'(x) la dao ham
cép mét ctia ham s6 f(x).

f'(x) néi chung cing la ham sé cla x, vi vay néu f'(x)cd dao ham ta co thé I8y dao ham Ian
nita (nghia la dao ham cla dao ham cép mét) goi la dao ham cép hai ciia ham sé f(x), ky hiéu:
[F'el = f"(x) =y

Tuong tu dao ham cua dao ham cép hai goi la dao ham cédp ba, ky hiéu
y' =@ = 0,

Pao ham ctia dao ham cép n-1 ciia ham s6y = f(x) goi la dao ham cép n,

Ky higu y®™ = (" V@) = fP00, n = 45,..

Céng thutc Lepnit (Leibnitz): Gia st cac ham s6 u(x) va v(x) ¢ dao ham dén cdp n, néu
y=u+v=>yM = w+v)® = y™® M, (13)
y=u.v=>yM®W = )™ = yn_ cky®yn-k), (14)

"k =01.n 0 =11 =1 u® =y pO®=y,
k!(n—k)!

Vidu10. Choy = x%,acR. Tinh y™.
Giai: Ta c6
y=ax*Y y = a(a—1)x*?% .,y =a(a—1)(a—2) .. (a — (n+1)x*™"

DPicbiétkhia = neN* thi y™ = n(n—-1)(n—-2) ... 2.1 = nl

Néu y = x" thi y™ =0, ¥im > n.

Vidu11.Choy = In(x + 3). Tinh y™.

Vidu12. Choy = sinx. Tinh y™

Vidu 13. Choy = sin5x cos2x. Tinh y™ .

Vidu14.Choy = (x? + 2)e*. Tinh y™.

3.2. Vi phan

Xéthams6y = f(x) lién tuc tai diém x va lan can clia né. Cho x s6 gia Ax thi s6 gia clia ham
s la

trong do: Ck =

dy = f(x +4x) — f(x). (15)
R rang rang khi Ax— 0 thi Ay— 0. Van dé dat ra, hay tim cach biéu dién Ay dusi dang don
gian
Ay = A.Ax + a. Ax. (16)
18
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trong d6 A 1a hang s6 khdng phu thudc vao Ax. Pai luong A. Ax ty 1& bac nhat d6i véi Ax,
con a.4x la VCB béac cao hon so véi Ax khi Ax —0. Nhu vay Ax —0 thi ¢ — 0.

3.2.1. Binh nghia vi phan

Dinh nghia 3.2.1. Cho ham s6y = f(x). Néu s6 gia Ay biéu dién dugc dudi dang (16) thi ta
noéi ham sé f(x) kha vi tai di€ém x va biéu thirc A. Ax goi la vi phan ctia ham s6 y = f(x)tai diém
x, ky hiéu la dy = df(x) = A.Ax. 17)

Né&u A =0, Ax kha bé thi s& hang th(r hai clia (16) sé khéng dang ké so véi s6 hang dau, nén
Ay ~A. Ax va goi n6 la phan chinh bac nhat cla s6 gia Ay.

Vay véi A = 0 thi vi phan 1a phan chinh bac nhat clia sé gia clia ham sé.

Tu dinh nghia vé ham sé kha vi va dinh nghia dao ham clia ham s6, dé dang suy ra, néu ham
s6 f(x) kha vi tai diém x thi ham s& d6 c6 dao ham tai diém x va ngudc lai, ddng thdi A = f'(x).

Tu d6 theo cong thic (17) ta cé dy =df = f'(x).Ax. (18)
Trong trudnghdpx =y thi y' =1va Ay = 1.4x = Ax, dy = dx = Ax = dx.
Vay tir (18), ta c6 dy = df = f(x) dx, (19)

hay y = f(x) = 2. (20)

Vidu1. Tinhdy,néuy = v1+1In x.
Cong thic (19) la cong thiic tinh vi phan tai diém x bat ky, vay tai diém x = x, cu thé ta dudc

vi phan tai diém x,:  df (xo) = f(x) . Ax = f'(x,). dx.
1

Trong thidu trénta c6 df(2) = e dx
1 .
Vidu 2. (2019-2) Cho ham sé f(x) = {m“’tm khix # 0 Xét tinh kha vi cia ham s6 tai x = 0.
0 khi x =0

Vi du 3. (2020-2) Chiing minh rdng véi ¥V x > 1 tacélnx + arccotx? > E.
a,—Xx H

Vi du 4. (2022N1) V&i gia tri nguyén nao clia a d€ ham sd sau kha vi f(x) = {95 € l’;:/’; q_t 8

Vidu 5. (2018N1) Tim f(x) biét ;—x(f(2025x)) =x2 va f(0) = 0.

3.2.2. Y nghia hinh hoc cua vi phan

Vé dudng cong y = f(x). Lay trén dudng cong diém M(x,y), ké tiép tuyén véi dudng cong
tai M. Cho x s6 gia A x, khi d6 tung dé y clia dudng cong c6 sé gia tuang (ing A4y = AM, va tung
do trén ti€p tuyén MT cb sb gia tuong (ing la doan AB. Trong tam giac vuéng AMB ta c6 AB =
MAtana = Ax . f'(x) = dv
A y M1

/T
B
A
(o
[0) X x+Ax x
Hinh 3.4

V& mat hinh hoc, vi phan clia ham s& tai mét diém ding béng s6 gia ctia tung dé ti€p tuyén véi
dudng cong tai diém dé, con viéc thay Ay béi dy cé nghia la thay doan dudng cong bdi doan tuong
{ng trén ti€p tuyén.
TU cong thic (19) ta suy ra vi phan ctia ham sé tai diém x ding bang dao ham clia ham sé dé
tai diém x tuong (ng nhan véi vi phan cla doi soé.
19
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(Cha y rang dx = Ax nén dx la s8). Vi vay cac codng thic tinh dao ham ciing ap dung dudc
cho cdng thdc tinh vi phan.

Chinghany = uv=> dy = (uw)dx = u(v' dx) + v dx) = udv + vduy, ..

3.2.3. Ung dung vi phan dé tinh gan ding

Giasliy = f(x)laham sd khavitaix thi Ay = f'(x).4x + «a.Ax. (21)
Khi Ax kha bé thi « . Ax 1a VCB béac cao han so v6i Ax, nén trong (21) b qua dai lugng o .
Axtaduoc Ay = f(x+4x) — f(x) ~f'(x) 4x = dy =f(x+ 4x) ~f(x) + dy. (22)

Céng thirc (22) goi la cong thic tinh gan ddng bang vi phan va né chi cé nghia khi Ax bé (cang
bé dé chinh xac cang cao).

Vi du 6. (2018-2) Tinh gan ding nho vi phan A = 3/27,03.

Vi du 7. M6t hinh cau bang kim loai ¢6 ban kinh R = 5cm. Khi d6t néng thi ban kinh tang thém
mot lugng AR = 0,1cm. Hoi thé tich dung va gan dung cla hinh cau sau khi da dudc d6t néng.

3.2.4. Vi phéan cap cao

Dinh nghia 3.2.2. Vi phan dy ciia ham s6 y = f(x) la dy = f'(x) dx, noi chung la ham s6
cla bién s6 x va goi la vi phén cép 1.

Vi phan cla vi phan cap 1 goi la vi phan cép hai, ky hiéu d(dy) = d?*y va

d?y = d[dd?y] = d[f' (x)dx] = f’(x).dx>. (23)
Tuong tu vi phén cla vi phan cép n—1 goi la vi phan cap n va
dty = d (d"'y) = fO(x).dx" (24)

Chuy:Néuy = f(u), u= @(x) =>dy =f", wWydx = f,.du.
cond?y = d[fy.du]] = f"u -du® + f’,.d*u,nghia la vi phan cap cao clia ham hop dang da
thay d8i.
3.3. Dinh ly vé ham s6 kha vi va img dung
3.3.1. Mt 8 dinh Iy vé ham s& kha vi
Dinh ly Lagrange. Néu ham s6 f (x) lién tuc trong doan [a,b], co dao ham hitu han Vx € (a, b) thi
trong khodng (a, b) do co it nhat mét diémc: a < ¢ < b sao cho
fb) = f(a) = f(c) (b—a), (25)
hay [0S — £(c).
Binh ly nay céng nhan, & day chi néu Ién y nghia hinh hoc cla dinh ly.
Ta da biét %IQ hé gbc clia day cung AB; con f'(c) 1a hé s6 goc cla tiép tuyén véi dudng cong
y = f(x)taidiémx = c.Vivay y nghia hinh hoc clia dinh ly Lagrange la: néu cung cong AB lién tuc
va moi diém déu cb tiép tuyén thi trén cung 8y c6 it nhat mét diém C cé hoanh dd x = ¢ (a < ¢ <
b) tai d6 ¢ tiép tuyén song song vGi day cung AB.
Dang khac cla cong thiic Lagrange (25):
Do ce (a, b) nén 0 <g< 1.Détg= 6, (0< 0<1)=c=a+6b-a), khi d cong
thiic Lagrange (25) c6 thé viét lai dugi dang

f) = f(a) = f(a+6(b—a)).(b-a). (26)
Dinh Iy Rolle. (Hé qua dinh ly Lagrange) Vi cac gia thiét cUa dinh ly Lagrange, vanéu f (a) = f(b)
thi t6n tai it nhat mot diém c e (a,b) d&  f'(c) = 0. (29)

Dinh ly Cauchy. Cho hai ham s6 f (x) va g(x) ctng lién tuc trén [a,b], kha vi trong (a,b) déng thoi
g'(x)khong triét tiéu trong khoang dé va g(b) = g(a) thi ton tai it nhat mét diém c e (a, b) sao cho
f)-f@ _ f©
9)-9@ g (30)
Tu dinh ly Cauchy, ta thay cong thic trong dinh ly Lagrange la trudng hop riéng clia dinh ly Cauchy vi
trong (30) chi can chon g(x) = x ta dudc cong thic (25).
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Vidu 1. Chohamsd y = f(x) = 1 — Vx2. H3i ham s d cho trén [-1;1] ¢6 thda man dinh ly Rolle
khéng?
Vi du 2. Chiing minh rang phuong trinh 3x> + 15x — 8 = 0, chi c6 mét nghiém thuc duy nhat.
Vi dy 3. Tim diém trén dudng cong y = x3, ma tai d6 c6 ti€p tuyén song song véi day cung di qua
A (—1; —1)vaB(2; 8).
Vi du 4. (2022N1) Cho f (x) ham s lién tuc trén [0;1] , kha vitrén (0,1) va £(0) = f(1) = 0 Chirng
minh rang ton tai hang s6 ¢ € (0,1)saocho f (¢) + f' (¢) = 0.
Vidu 5. (2019N1) C6 &p dung duoc dinh ly Fermatchohams6 y = f(x) = |x — 1| trén [0; 2]? Tim cyc
tri ham s6 nay.
Vi du 6. (2019N1) Cho a — b + ¢ = 0. Chitng minh rang phuong trinh 4ax® — 3bx? + ¢ = 0 ludn ¢
nghiém thuéc (0,1).
Vidu 7. (2019N1) Chitng minh rang: 6 arctan x + 5arctan(x + 2) < 11arctan(x + 1),¥x > 0 (1)
3.3.2. Quy tic L'Hospital dé khi dang bat dinh 2,2
Quy tac L'Hospital:
1) Néu cac ham sé f(x) va f(x) xac dinh tai Ian can diém x,,
2) Co6 dao ham f'(x), g'(x) G lan can cla diém x, va g'(x) =0, khi x #x,,
3) f(xg) = g(xo) = 0,
khi do néu lim £ = 4 (A hitu han hoac =) thilim 12 = 4,

x—x0 9 () x—xq 9(x)
Chi y 1. Khi x — o0, quy téc L'Hospital cling dung:
£ £
alcl—wo g(x) ;lcl—zlo g')’ (31)
Chu y 2. Néu f'(x) = g'(x) = 0 va cac ham sb f'(x), g'(x)thod man cac diéu kién clia quy téc

L'Hospital thi c6 thé ap dung lan nita d6i v6i lim == f( )

x-x9 9

L'Hospital, van gap dang bat dinh e thi c6 thé ap dL_mg ti€p doi véi ty s6 maéi do.

Chu y 3. Quy téc L’Hospital chi la diéu kién dd, nén néu  lim f,( ) khong tén tai, thi lim L2
x-x0 9' (%) x—x0 9(X)

van c6 thé t6n tai, trong trudng hop d6 ta phai tim cach khir dang bat dlnh e
f( )

, hghia 1a sau mét Ian ap dung quy tac

Chd y 4. Trong trudng hop lzm co dang Z thi quy tac L'hospital van dung.

Vi du 8. Tim cac gidi han sau:
1—cos

a) lim—= (dang 7).

b) gcl—m xtg:mx (dang %)

in 0o
c) lim ~— (dang —).

, x™ oo
d) lim = (dang —).
Vidu9. Tim lim = = (dang 9).

x—00 X+Sin 0

M6t s dang bat dinh khac sau khi bién d6i c6 thé ap dung quy tac L'Hospital.
1) Dang bét dinh co - oo
C6 thé quy déng mau s6 hodc nhan véi biéu thic lién hop dé dua vé dang bat dinh % hoac =.

Vidy10. Tim: a) lim (%—L) b) lLim G— Cotx).

ex-1)’
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2) Dang bét dinh 0. o
Gia st limu(x) = 0; limv(x) = oo, tinh limu(x).v(x) (dang 0.) ta bién d8i vé dang %hoéc =
X—Xq X—Xo S

X—Xo
u(x)

baing cach Vit u(x). v(x) = “2 hodc u(x).v(x) = 2 sau d6 ap dung quy tic L'Hospital.
v(x) u(x)
Vi du 11. Tim céc giéi han sau:
a) lim x%Inx, (dang 0, «).
x—0+0

b) Lim (4 — xZ)tan%, (dang 0, o).
X—

c) lim xIn[cos i], (dang 0, ).
xX—+o00 X

3) Dang béat dinh 1%, o&, 0°
Xét ham s6 dang [u(x)]"™. Gia sl khi x — x, ta cb cac trudng hap:

a)u(x) »1,v(x) » o dang vé dinh 1~
b) u(x) - o v(x) -0 dang vo dinh of.
c) u(x)—0,v(x)—0 dang vo dinh 0°.

2 ., . ” , R , . li 1
D8 tinh Lim [u(x)]*® ta s dung cac cong thiic:  lim [u(x)]*®) = ex "™,
*=%o XX

Vi du 12. Tim cac gidi han sau:

1

a) limxi-x, (dang 1%).
x—1
b) lir+n (x + e%¥)x, (dang ).
X—=+oo
. . tgx 0
C) xl_}grlo(sm x)'%~, (dang «°).
d) (2018-2) Tinh I = lim [tan (2x)|°°%*.
x—o=

2

3.3.3. Khai trién Taylor
Dinh ly 3.3.1. Cho ham s6 f (x) kha vi dén cap n + 1 trong khoang (a,b). Khi do vdi x, <(a, b)
ta co6 céng thurc

f (x0) f (x0)

f(x) = f(xo) + T (x —xp) + T (x —x0)* +
F™(xo) £
+o = (x—x)" + oD X~ X)L, (32)

trong d6 x e(a, b),c la diém trung gian giita x, vax, (c =xy+ 0(x —x,); 0 < 6 < 1).

Céng thic (32) dudc goi la cong thiic khai trién Taylor.

f(n+1)(c)
(n+1)!

Nhiéu khi céng thiic Taylor dugc dung dudi dang sau

_wn Y0 Kk n
f) = Thoo—— (¥ = x0)* + 0((x = x0)™). (33)

Biéu thiic R, (x) = 0((x — x,)™) dudc goi la phan du dang Peano.
Daéi vGi cong thic Taylor (32), véi x, = 0 ta cb cong thirc Maclaurin

Biéu thic R, (x) = (x — x¢)™** dudc goi la phan du dang Lagrange.

)
f(x) = Tiogm——x* + Ry (x), (34)
e FO0O i1 b
véi phan du R, (x) = Wx" hoac R,,(x) = 0((x)™).

Céng thuc Maclaurin mét s6 ham so cap:
1) f(x) = €%, dof®x) = &% f®W0) =1vk=101,..,n+1
S et =145+ et T oM.
u 2 nl
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2) f(x) = sinx,tacd f® = sin(x +k§),
@M (0) = sin(nz) = 0,
f(Zn—l)(O) — sin[(Zn -1 g] = (-1)”‘1 = 1,2,3 ..

x?
"(2n-1)!

. x3 x5
ssinx = x-S +5 -+ (=D + 0(x*™).
3) f(x) = cosx. Tuong tu ta c6

_ x| oxt )
COoSx = 1—;-}-;_..._{_(_1)11

xZ
" (2n)!
4) f(x) = 1+x)% x>-1,acR,tacd

(1+x)%=1+ax +“(“ Dy 4o 4 222 1)(“3 Lamnt) yn 4 o).
Dac biét
a) ﬁ =1—x+x2—x3+ -+ (D)™™ + 0(x").
2
b) V1 +x = 1+§—%+0(x2).
1 _q_x_32 2
Vitx 1 2 8 +0(x%).
5) f(x) = In(1+x),x> —1,tacd
In(1+x) =x =2+ ot (D)™ 4 0.
6) f(x) = arctanx, xR, ta cO

- 4+ 0(x2n+1)

c)

x2n—

arctanx = x -2+ — (-t
3 5 T an-1

4 0(x*™).

S{ dung c4c trién khai 1) - 6) ta c6 thé tim dugdc khai trién clla mot s6 ham s6 khac ma khéng
phai s dung dao ham truc tiép cac ham so do.

Vi du 13. Viét khai trin Maclaurin clia ham e°s* dén s hang x*.

Vi du 14. Viét cong thic Taylor clia ham sé f(x) = Vx dén s hang bac ba clia x-1.

Vi du 15. (2017) Tim A = [jm 20207sin2

x—>0 x2

Vi du 16. (2020-2)Tim khai trién Taylo cla hamsé f(x) = % taix = 1dén (x— 1)*.
Vidu 17. (2019N1) Tinh gan dung %! véi sai s& bé hon 1074,

Vi du 18. (2019-2) Cho hamsé f(x) = —.Tinh f1500)(()

Vi du 19. (2022N2) Cho hams8 f(x) = m. Tinh  £10(0)

Mot sd chi y khi thay twong dwong khi ¢é hiéu hai vé cung bé (VCB)

(1) Néu ay(x),az(x),B1(x),B2(x) 1a cac VCB khi x = xo va a;(x)~a,(x), B1(x)~ B.(x) thi
a;(x) — Bi(x)~a,(x) — B.(x) ngoai trir trrong hop a,(x) va B;(x) la cac VCB tuvong duong
hoac khéng so sanh duwgc véi nhau.

Truong hop a1 (x) + B1(x) cé twong duwong vdi a,(x) + B,(x) hay khong ching ta 1ap ludn tuong
ty. Van thay tvong duong dugc binh thudng ngoai trir trvong hop a4 (x) va B;(x)la cac VCB tuong
duong hodc khong so sanh dugc véi nhau.

(2) Hiéu hai VCB tuvong duong

Trong muc (1) ching ta biét rang khéng thay twong duong dugc trong biéu thic a(x) + S(x) néu
a(x)va B(x) la cac VCB tuong duong. Vay hiéu cda hai VCB tuong duong la gi?

Hiéu hat VCB cung bac Ié_2|:r16t VCB béc cao hon ca hai VCB d6, véy%u thé, cao hon 1a bac bang bao
nhiéu? L4y, chdng han, a(x) = x, & vi du trén ta dd chi ra mot s6 hiéu clia hai VCB twong duong "trong
3 cung bac véi VCB a(x) = x3

ty nhién", nhula x — sinx ~x ,conx — (e — 1) ~ —x? clng
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bac vai VCB B(x) = x2 khi x = 0. Vi céc VCB tuwong duong "nhan tao" sau day thix — B(x)cd thé
cungbacvéix® (a > 1)batki.
(3)Ba phuong phap (md&i) dé tinh gidi han
Nhu vay dén thoi diém hién tai ching ta d3 hoc dwoc ba phuong phap méi dé tinh gidi han, d6 1a
e Phuong phdp st dung VCB-VCL (thay twong dwong, ngat bd),
e Phuong phap dung khai trién Maclaurin,
¢ Phuong phap dung quy tac L'Hospital.
Vi du 19. Tim cac gi6i han sau

eX—e X-2x

a) limE—" %, b) Lim LoV1iv2xt cos(V2x)

tan(tanx)—sin(sinx), C) lim

x>0 X-—Sin x>0 tanx—sin x>0 x5ln(1-2x3) '’
X_ o -
Vi du 20. Tim cac gi6i han sau I = lirréemx#;
xX—
. . e*—sinx - . *—1)— sin x+(1 — . x—x+x%/2
Cich 1. (thay tuong duong) I = llmwz lim &=V Smxz( 0sX) _ lim* xzx/ =
x—0 x x—0 x x—0 x
lim ¥z _1
x—0 x2 2
‘ R ¢ . . eX—sinx - . e¥— Fsi . e*+sinxF
Cach 2. (dung quy tac L’'Hospital) I = llmw = |im T gy ST g
x-0 X x—-0 2x x-0 2
C6 2 cach gidi (cach nao dung???????7?):
{ \ . e¥— +ax+bx?
Vi du 21. (2020N1)Tim a,b,c € R sao cho llTrOle “’”;3“" > =
xX—

IV. Khdo sat ham sd
4.1. Mot sd van dé lién quan véi do thi ham sé
4.1.1. Su ting giam cua ham sé
Dinh Iy 4.1.1. Cho ham s6y = f(x) xac dinh, lién tuc va c6 dao ham hiu han trong khoang
(a, b) cR. Diéu kién can va di d€ ham sé f(x) tang (hay dong bién) trong khoéng (a,b) la
f(x) > 0, ¥x (a,b); ngugclai f’(x) < 0, Vx e (a,b) thiham sé f(x) gidm (hay nghich bién) trong
khoang (a,b).
Ham s6 dong bi€n hay nghich bién goi chung la ham don diéu.
Trong trudng hop f(x) >0, ¥x e (a, b) thi ta n6i ham sé f(x) khong gidm trong (a, b), ngudc
lai f’(x)<0 thi ta néi ham s6 f(x) khéng tang trong khoang do.
T dinh ly nay ta suy ra cach tim khoang tang, giam cla ham sé y = f(x) nhu sau:
1) Tim mién xac dinh clia ham sé trong khoang tuong (ng ham sé lién tuc.
2) Tinh y' = f'(x).
3) Tim nghiém thuc clia phuong trinh f'(x) = 0 hodc cac diém ma f'(x) = «, hodc f'(x)
khéng t6n tai thudc mién xac dinh ctia ham s6. Cac diém &y goi la cac diém tdi han.
4) SAp x&p tat ca cac diém trén theo th( tu ting dan va lap bang bién thién xét dau cia
f'(x) trong khodng xac dinh tuong (ing ta dudc khoang tang, giam cia ham sé da cho.
Vi du 1. Tim khodng tang, gidm claham sé y = /x — Vx + 1.
2

Vi du 2. Tim khoang tang gidm clla ham s6 y = arcsin

-
1+x2

4.1.2. Cuc tri cia ham sé

Dinh nghia 4.1.1. Ham s6 y = f(x) goi la dat cuc dai tai diém x, € MXD, néu moi diém x
thudc lan can cla diém x,,x — xo = AX, VOi Ax kha bé, duong hodc ém ta déu co f(x) = f(x, +
Ax) <f(xo)-

Ngugc lai: f(x) = f(xo + 4Ax) > f(x,) thi ta n6i ham s dat cuc ti€u tai diém x,.

Gia tri cuc dai, cuc tiéu goi chung la cuc tri ctia ham s6, con diém x = x, d& ham sé dat cuc tri
goi 1a diém cuc tri cGa ham sé.
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Chu y 1: Muén xac dinh mét diém nao dé 1a diém cuc tri ta can so sanh gia tri cia ham sé
tai diém dé vaéi gia tri cia ham s6 tai moét 1an can clia n6 vé ¢a hai phia, cho nén mét ham sé xac
dinh trén doan kin [a,b] ta chi xét cuc tri tai nhiing diém bén trong clia doan d6, nghia la nhimng
diém x < (a,b).

Chu y 2: Gia tri cuc tri G day chi cé tinh chéat dia phuong nghia la chi 16n hon hodc bé hon trong
"lan can" ctia ndé ch khéng phai trong toan khoang clia mién xac dinh.

Dinh ly 4.1.2. ( Diéu kién &t c6 cla cuc tri). Néu ham s6y = f(x) dat cuc tri tai diém x,<MXP,
c6 dao ham gidi noi tai diém x = x, va lan can cta no thi f’(x,) = 0.

Chd y: Binh ly trén chi cho diéu kién can khong dd, nghia la f’(x;) = 0 thi chua han diém x,
la diém cuc tri.

Dinh ly 4.1.3. (Piéu kién di cla cuc tri). Gid st ham s6 y = f(x) xac dinh lién tuc trong
khoang (a, b) chira diém t6i han x, va co dao ham gidi néi trong toan khoang 8y (co thé trir diém
xo).Néu khi x vugt qua diém x, (t trai sang phai) ma f'(x) doéi dau tir duong sang &m thi diém
xo la diém cuc dai, nguoc lai f'(x) d6i dau tr &m sang duong thi diém 8y la diém cuc tiéu.

( Cdc dinh ly nay da biét trong gido trinh phé théng)

Tu dinh ly nay ta suy ra quy téc tim cuc tri cla ham s6 nhu sau:

1) Tim mién xac dinh cla hamsd y = f(x).

2) Tinh y' = f'(x), tim cac diém tG6i han, nghia 1a tim cac diém f’(x) = 0, f'(x) = o, f'(x)
khong ton tai, thudéc MXBD.

3) S&p x&p cac diém t6i han theo th(r tu tang dan va xét ddu ctia dao ham trong khoang
tuong Ung.

4) Tim gia tri cuc dai yp,q, Va cuc tiéu y,,;,cla ham sé.

Ché&ng han, trong vi du 1, thi diém x = % la diém cuc tiéu va gia tri cuc tiéu 1a
Ymin = Y(_%) = - i/Z

Trong vidu 2, thix = 01a diém cuc dai va Ve, = y (0) = g

Vi du 3. Tim cuc tri clla ham so y = (x2 — 1)% + 1.

Vidu4. Timcuc trictahamsd y = (x — 1)Vx2.

Vi du 5. (2018N2)Tim cyc trj clia ham sé f(x) = (2x + 3)e*’

Trong thuc t& ta gap nhiing ham s& c6 vo s6 diém téi han, khdng cé kha nang sap xép th( tu
clia cac diém t6i han (nghia 1a khéng lap dugdc bang bién thién clia ham s6). Khi d6 c6 thé sur
dung két qua sau

Dinh ly 4.1.4. Gid str ham s6 y = f(x) xac dinh lién tuc va co6 dao ham lién tiép dén cép n
trong khodng (a,b). Biém x = x, € (a,b) va f'(xp) = f (%) = -+ = f™ D (x,) = 0, con
£ (x0) = 0.

1) Néun = 2k (k = 1,2,...) la s6 chan thi ham sé dat cuc tri tai diém x, va la cuc dai néu
Ff™(xy) <0, la cuc tiéu néu ™ (x,) > 0.
2)Néun = 2k —1 (k1,2..) la s6 18 thi ham s6 khdng dat cuc tri tai diém do.

Trudng hop riéng khi n = 2, nghia la f’(x,) = 0,f”(x,) #0, ham s6 dat cuc tri x, va néu
f”(x,) > 0 ham sé dat cuc tiéu, va f”(x,) < 0 ham s6 dat cuc dai. ( Trudng hop nay da biét tir
gido trinh phé théng, con Dinh Iy 4.1.4 14 mé réng ddi véi dao ham cép cao hon 2).

Vidu 6. Tim cuc tri cla ham s y = sin2x — x.

Vi du 7. (2022N1)Tim cuc tri cia ham s& f(x) = /3sinx + cosx + x, trong khoang (0,2m)
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4.1.3. Gia tri I6n nhat, bé nhat cia ham sé trén doan [a,b]
Dinh nghia 4.1.2. Ham s6 f (x) goi la dat gia tri I6n nhét (Ln) tai diém x, € [a, b] néu: vx € [a, b]
ta déu c6 f(x) <f(xy).
Ngugc lai, Vx € [a,b] ta déu co f(x) =>f(x;),x, € [a,b] thi f(x,) goi la gia tri bé nhat (Bn) cla
ham sé f(x) trén doan [a,b].
TU dinh nghia trén ta suy ra cach tim gia tri Ln va Bn cla ham sé y = f(x) trén doan [a, b]
nhu sau:
1) Tim céac diém t6i han cia ham s6 y = f(x) trong khoang (a, b), d6 1a nhiing diém ma
f'(x) =0, f'(x) = o hoac f'(x) khéng ton tai.
2) Tinh gia tri clla ham s6 y = f(x) tai cac diém t6i han trong khoang (a,b) va tinh f(a), £ (b).
3) So sanh céac gia tri tim dudc, ta dugc tri Ln va Bn clla ham s6 y = f(x) trén doan [a, b] do.
4.1.4. Khoang 16i, 16m, diém udn cGia dudng cong
Dinh nghia 4.1.3. Budng cong y = f(x) goi la 16i trong khoang (a,b) néu moi diém cla
duong cong déu nam phia dudi cta moi tiép tuyén cla no trong khoang do.
Pudng cong goi la 1I6m trong khodng (a, b) néu moi diém cia dudng cong déu nam phia trén
ctia moi tiép tuyén ciia no trong khoang do.
Diém phan chia phéan I16i, phan I16m (va ngugc lai) cla dudng cong lién tuc va co tiép tuyén goi
la diém uén cua duong cong.
Dinh 1y 4.1.4. Gid sirham s6'y = f(x) xac dinh, lién tuc va c6 dao ham dén cép 2 trong khoang
(a, b).
Néuf”(x) < 0, ¥x € (a,b) thi do thi ham s6 16i trong khodng d6, nguoc laif”(x) > 0,
vx e (a, b)thi d6 thi ham sé I16m trong khoang do.
Néu f"'(x,) = 0, hodc khéng ton tai, nhung ton tai f'(x,) va f(x) d6i dau khi vugt qua x, thi
diém (xo, f (x0)) goi la di€m uébn.
Nhu vay dé tim khoang 16i, 16m, diém udn cla dudng cong thuc chat 1a xét du cla dao ham
cap hai.
Vi du 8. Tim khoang 16i, 16m, diém uén clia dudngcong y = 2 — |x° —1].
Giai: Ham s6 da cho viét lai dudi dang:
(2= (@*-1)=3-x° khi x>1
Y= {2+(x5—1)=1+x5 khi x <1
Ham sé xac dinh lién tuc vx eR.

—5x* khi  x>1 .2 _ S
5 khi x<1’ tai diém x = 1 dao ham khong tén tai.

” —20x3 khi x>1 _,
:{20x3 ki @ x<1, 7 Z07x=0
Lap bang xét dau ctia dao ham cap 2, suy ra khoang 16i, 16m va diém uén:
X | -0 0
y' _ 0 +

Tacod y :{

+00

1
1l
| _
\L\("ﬂ{ U 16 G W
Piém U (0;1) 1a diém udn. Didm G(1:2) 1a diém géc (hay diém gay).
Chu y Bat dang thirc ham I6i:
1. Mot ham so f(x) trén doan [a, b] dwoc goi la 16i néu v&i moi x4, x, € [a,b] vale
[0,1], ta c6 b4t dang thirc sau:
fx; + (1 = Dxz) SAf (%) + (1 = Df(x2)
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vdi moi x1,x, € [a,b]

2. Dangkhac A =1/2: f(X1;-x2) < f(x1)';'f(x2)

Vidu 9. (2021N3) Cho ham s6 f(x) = xe* xac dinh trén doan [a, b],b > a > 0.
fo-fl@ _ fb)-f(@)
o

a - b-a

Chirng minh rang véi moi ¢ € [a, b] ta cé

Vidu 10. (2018N1) Cho 0 < x,y < m/2.

4.1.5. Puong tiém can

Pinh nghia 4.1.5. Budng thang A goi la dudng tiém cén clia dudng cong (C) (y = f(x)) néu
nhu khodng céach & tir diém chay M(x,y) trén dudng cong (C) dén dudng thang A dan tdi 0 khi
M chay ra v6 han trén dudng cong (C) (Hinh 4.1).

y Ar
(C)

“v

i

Hinh 4.1

Tu dinh nghia ta thay dudng cong cé dudng tiém can chi khi dudng cong &y c6 diém ra vé han
(c6 nhanh do6 thi kéo dai ra vo han).
Ngudi ta phan biét ba loai dudng tiém can la:
1) Tiém can diing: Tiém can ding la dudng thang (tiém can) A song song Vdi truc tung Oy.
Nhu vay, néu duong cong y = f(x) cb tiém can diing thi phuang trinh tiém can diing (A) cé dang
x = a (httu han) va
§=|x—al > 0khiy — o, (hay )lcilgf(x):m). (1
2) Tiém can xién: Phuong trinh dudng tiém can xién y = ax + b, (a, b la hang sd can xac
dinh htru han) va

b= Tom N (2)
= lim[f(x) — ax].

Khi a = 0 => y = b latiém can ngang (song song véi truc hoanh 0Ox).
1
Vi du 11. Tim cac dudng tiém can clia dudng cong y = xex.
1

Vi du 12. (2017N1) Tim cac dudng tiém can cla dudng cong y = xex +2
2
Vi du 13. (2020-2) Txm cyc trj cfia hum sé f(x) = { e khix # 0
0 khix=0
Vi du 14. (2020-2) Tim céc tiém can clia dwdng cong f (x) = V1 + 9x2.
4.2. SO db khao sat ham sé dang y = f(x)
Qua trinh khao sat va vé do thi clla ham s6 y = f(x) :
1) Tim mién x&c dinh clia ham s8, chu y cac diém gian doan, tinh chat chan, 1& va tuan hoan
clGia ham sé.
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2) Tinh y’, tim cac diém y’ = 0,y’ = « vay’ khong ton tai. Lap bang xét dau y’, tir d6 két
ludn khoang tang, gidm, cuc tri cla ham sé.
3) Tinh y”’, tim cac diém cho y”’ = 0 va y”’ khong t6n tai. Lap bang xét dau y”', tir d6 két luan
khoang 16i, 16m, diém uén, diém géc cla ham s6.
4) Tim cac tiém can clia ham s6.
5) Cho diém dac biét (diém cat truc hoanh , cit truc tung, diém cuc tri...).
6) V& db thi.
Vidu 1. Kndo sat va vé dé thicllahamsé y = x + vV4x2 + 2x + 1.
Gidi: Mién xac dinh vx eR, (— o < x < + o).

1

£ Al _ _1 (—3) - _1 1 51,4 __1,,_1
Tacoy—1+m.:>y—0<:>x— > Y Y= 2+\/4.4 2.2+1— 2+1—2,

lim = lim [x+V4x? +2x + 1] = im (x + 2|x]) = +oo,

X—+00 X—+00

limy= lim [\/4x2 +2x+1+x]= lim [2|x|+x] = lim (— x): 400 .
X—>—00 X—>—00

Yey—op  X—>—0

Bang bién thién xét dau y"

=00 — +00

1
X 2
' 0

y _ +
Y +00 \ % / +00
Ham s6 dat cuc tiéu tai x = = va Ymin=y (— —) =

VaxZ+2x+1 .4—(4x+1). axtd
e [4x2 3 ” 7 N . \ A |~
Taco y"= e s = y”>0,Vx do dé dé thi ham sé 16m.

2 2
(4x%+2x+1) (4x2+2x+1)2

>

+Tiém can: Ham s6 khong cé tiém can ding.
Tiém can xién dang y = ax + b, trong d6
f) , x+\/4x2+2x+1

x+2|x|

a= lim == lim ————— lim =3,
x—-+0 X X—+00 x—>+oo X
— . _ 2 _ _ 2x+1 — 2_x — l
b xl_llrnoo[f(x) ax] = llm [v4x + 2x + Zx] xl_l)r+noo T TTEIEN xl_l)r+noo4x >

Vayy = 3x + lla tiém can xién nhanh phai khi x - +oo.
2

Tuong tu ta c6 tiém can xién nhanh traiy = —x — % khi x » —oo. D6 thi (Hinh 4.2)

yS-X-— y=3x+ —

Vi du 2. Khao sat vé do thiclla ham s6 y = ex1.
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4.3. Pudng cong cho dugi dang tham sé

4.3.1. Khai niém vé duéng cong cho dudi dang tham sé

Trong cd hoc ta thudng gap dudng cong cho theo tham sé.

x = ¢(t)

b= v 7 ©)
xac dinh mét dudng cong nao dé trong mat phang toa dé x0y. Hé phuong trinh (3) goi la phuong
trinh tham sé clia dudng cong, t la tham sé.

Vi du 1. Viét phuong trinh tham s6 cla dudng thang di qua hai diém A(xs, y4) va B(xg, y5).

Vi du 2. Lap phuang trinh tham sé clia dudng tron tam tai géc O(0;0), ban kinh R.

Tuong tu, ta cling c6 phuaong trinh tham sé cla dudng elip:

2 2 =
SH=1 lé{;:ZEf,ff,Ostﬂn- (4)

Vi du 3. Lap phuong trinh tham s& qu§ dao diém M ndm trén dudng tron ban kinh a lan khéng
trugt trén mot dudng thang, quy dao dé goi 1a duding xicloit (vi du banh xe dap Ian khong truot
trén dudng thi dau van banh xe vé nén dudng xicloit).

4.3.2. Pao ham cia ham cho theo tham sé

Gia sty = y(x) dudc cho duGi dang tham s6

x = ¢(t)
e ®)

Trong d6 ¢, wla nhiing ham s& kha vi theo bién s6 t, dong thai ham s6 x = ¢(t) ton tai ham

ngudgct = ¢ — 1(x).

s gz s ' dy , , ,_p'®at , _yp®
Khi do, tuv  y, = — dy = y(t)dt; dx = ¢'(t)dt,tacd y,= PYOPT hay y, = POk
‘ o O] 0000 1 _ ¢y Wern)
Tlnh yxx_ [yx]x - I:(l)l(t):lt . tx - 4)’2(t) -x; —_ 4)’?” .
A s _ ¢ Op-pDe(e)
A A (6)

4.3.3. Tiém can cua dudng cong cho theo tham sé
Tu khai niém tiém can clia dudng cong, ta co:
1) Néu tl”[‘x(t) = a (hQu han), tlirtny(t) = oo, thi duding thdng x = a 1 dudng tiém can diing.

2) Néu tlirtnx(t) = oo,tlirlpy(t) = b (hQtu han), thi y = b la dudng tiém can ngang.

3) Néu tllrtn% =a,(a #0), tl”? [y(t) — ax(t)] = b thiy = ax + b la duong tiém can xién
D& khao sat dudng cong cho theo tham sé ta ti€n hanh nhu trong muc 4.2,
t2 383
Y T e
-1 -2
e’ T e

Vi du 4..(2018-2) Tim tiém cén xién cla duong cong x =

Vi du 5. (2022-N1) Tim cac tiém cén cla dudng cong x =

X =acos’t
y =asindt,

Gidi: Do ham s& da cho chan d&i véi cost, 1& d6i véi sint (chan ddi véi x, 1& ddi véi y), nén doé
thi ham s6 trén doan [r;2n] s& ddi xing véi d6 thi ham sé trén doan [0;n] qua truc hoanh. Trén
doan [0;x] thi d6 thi d6i xing qua truc tung. Vi vay ta chi can khao sat trén [0;%], sau do6 vé doi

Vi du 6. Kh&o sét va vé dé thi ham s6 { >0 0<t<2x

xiing qua Oy dudc dd thi trén doan [0;n], roi vé ti€p ddi ximg qua truc hoanh, dugc dé thi trén
toan doan [0;2n]. Hon thé& nira ham s& da cho tuan hoan chu ky 2r, nén dé thi 1ap lai hoan toan
trong méi chu ky T = 2x.
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. , , . in? t.
Tinh y,, y,,. Theo cac cong thic (8), ta co y, =2t = 325t _ _ant te [0; E].
t

T % —3aco %tsint 2
Khit =0 thi y, f_o = —tamn0 =0, dé thi c6 ti€p tuyén nam ngang.
Khit=Zthiy,|, = =—tan (g) = o0, d6 thj c6 ti€p tuyén thing dimg.
2

Mét khac y;. < 0 khi ¢ € (o,g) — y gidm tifa — 0 khixdi tr 0 — a.
Theo céac cong thic (9), ta ¢

woo_ [ " ,,__1 i__l -1 _ 1 T
Yix = (—tant)y = (—tant). ty = cos?t'xl ~ cos?t'3a.cos?tsint  3a.cos*tsint >0, vt e (0' 2)'
Vay dé thi ham s& I6m. - -

Bang toa dd nhiing diém dac biét ! 0 2 2
X a aﬁ 0
4
y 0 aﬁ a
4
D6 thi trén [o; g] ( Hinh 4.6), tir d6 ta suy ra d6 thi trén y
A
a
Y
a
-a (0] a g
(0] a X
. -a
Hinh 4.6 Hinh 4.7

Vi du 7. Khao sat va v& db thi ham s6 cho dudi dang tham s6 x = 2%y = 222 (4 > 0).
1+t3

1+¢3’
D6 thi khong c6 tiém can diing va tiém can ngang,

vi khéng c6 gia tri t dé x—c (hitu han), Y,
y = va x >,y —>d (hitu han). LI I—
4
Vay d6 thico tiémcanxién y= —x — a.

Dua vao bang trén ta dugc do thi ham sé.
Dac biét x = y khi3at = 3at? <t = 0,t = 1.

Dodd t=0 tac6d 0(0;0),t = 1tacéMGa;%a).

y=x-a
Hinh 4.8

FNGN V)

=V
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4.4. Pudng cong trong hé toa do cuc

4.4.1. Hé toa do cuc

Trong mat phang chon diém O ¢d dinh goi la cuc va nira dudng thdng ndm ngang di qua O goi
a truc cuc. Khi dé vi tri diém M trong mat phing sé dudc xac dinh bdi hai s6 r, ¢ trong d6 r la
khoang céach tir diém M dén cuc O (goi 1a ban kinh cuc) va goc ¢ la géc cé dinh hudng tir truc cuc
t6i vécto OM, chiéu duong la chiéu quay ngudc véi chiéu kim déng ho (goi la géc cuc) (Hinh 4.9).

Cac s6 rva ¢ goi la toa dé cuc cla diém M va ky hiéu M(r, ¢).

Théng thudng chon r > 0 v6i r ¢d dinh thi ¢ s& thudc [0;2n] sau d6 18p lai sau mbi chu ky T =
2m.

Vay véi r ¢6 dinh, ¢ e [0;2r] ¢6 dinh thi xac dinh diém M duy nhat trong mat phang. Khi r=0
thi ¢ tuyy.

M(r, @)
r_\@ .
0 x
Hinh 4.9
Ya
Né&u chon hé toa dé vudng géc xOy,
géc O trung vGi cuc, truc Ox trung véi
truc cuc thi gitra toa d6 vudng goéc va Y M
toa do cuc cd6 méi lién hé (Hinh 4.10) <o
X = rcosg, y = rsing vanguadc lai O X i

r=.x%+y? tan¢>=%, 0< p<2nm.

Chu y: Khi chon géc ¢ can cin cit vao diém M(x,y) thudc gbc phan tu nao clia hé toa do
vubng géc dé dugdc goc ¢ thich hgp. Chéng han M(—1;+/3) thi

V3 _ T, 2
_—1——\/§3¢— 3-|-7'L'—3.

tang =
4.4.2. Hé toa do cuc md rong
cho M(r, @), v6ir, ¢ khéng han ché bdi r> 0, 0 < ¢ < 2r, ma c6 thé 18y céac gia tri bat ky. Khi
dé mot diém trén mat phdng cé thé cd nhiéu toa d6 cuc khac nhau. Ta quy udc diém (r, ¢) la
diém dugc xac dinh: vé tia 0¢ sao cho Ot tao véi Ox mdt goc ¢. Trén tia Ot kéo dai Iay diém M
sao cho OM = r (OM la do dai dai s6 clia OMtrén tia 0t). Ly ;
Chéng han, cho Mcétoa ddo r=-1, ¢ = % f
ta 14y diém M sao cho OM= -1
(Hinh 4.11) thi OM ngugc huéng véi Ot. ¢,=§
Chuyén sang toa d6 dé cac: N >
- L O g
X = —1.cos; ==

y=—1.sin£=—£:>M(——,——). M,

3 2

Hinh 4 11
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Trong hé toa d6 cuc md rong diém M (—1;§)cc‘)n duoc biéu dién bang nhiéu cach:

(L) (-5 (B5) -
4.4.3. Pudng cong trong hé toa do cuc
Chohamr = f(@)véi 0 <p < 2m7r >0. V& do thi ham sé nay trong hé toa dé cuc. Phuong
trinh r = f(¢) dudc goi la phuong trinh dudng cong trong hé toa dd cuc. Chang han,
1) Phuong trinhr = a,a > 0 la phuong trinh dudng tron tdm O, ban kinh a trong hé toa do
cuc (Hinh 4.12). Trong hé toa dé dé cac dudng tron nay cé phuong trinh x2 + y? = a?.

Hinh 4.12

2) Lap phuong trinh dudng tron ban kinh a, di qua cuc O va c6 tdm trén truc clia Ox (Hinh 4.13).
Giai: Tam cla dudng tron la I(a,0). Gia si M

la diém thudc duding tron véi goc Y 4
(Ox, W) =pthi r = OM = 2acose.
Trong hé toa d6 vudéng gbc thi dudng tron 0 a 2

do c6 phuong trinh la 0O i X
(x - a)Z + yz = aZ < xZ + yz = 2ax. \_/
Thay x = rcosg,y = rsingvao phuong trinh, ta cé r = 2acos¢e

Hinh 4.13

A

»
»

4.4.4. Khao sat va vé dudng cong trong hé toa do cuc
Trong hé toa d6 cuc, khdo sat va vé dudng cong cho bdi ham sé r = f(¢) dudc thuc hién theo
cac buéc:
1) Mién xac dinh clia f(¢). Luu y tinh chan 1&, tudn hoan (néu co).
2) Xét su bién thién clia f(p)theo ¢. Lap bang bién thién.
3) V& db thi. Luu y mot s6 diém dac biét ciia dé thi.
Dé& vé d6 thi dudc chinh xac va thuan Igi can chi y mét s6 van dé sau:
a) Tinh tuan hoan: néu ham f(p)tuan hoan c6 chu ky T, ta chi can khdo séat va vé do thi
trong goc 0 < @ < T, sau d6 xoay dd thi chu ky T, quanh géc cuc.
b) Tinh ddi ximg: néu f(@)la ham 1é theo ¢ thi d6 thi d6i xing qua tia ¢ = g; néu f (o) la
ham chan theo ¢ thi d6 thi déi xiig qua truc cuc.
c) Tiép tuyén clia dudng cong: dé vé tiép tuyén véi dudng cong tai diém M, ta sé tinh goc
0 gitia OM va tiép tuyén do, (Hinh 4.14).

Theo hinhvtacoa=¢+0  Khidétana = tan(¢p + §) = —P*tand

1—tang tand’
Mat khac: tana = Z—Z = ﬂ#, = z—;. Thé tano vao biéu thic tand tacd  tanb = rl
Vi du 8. Khao sat va vé do thi cla ham s6 r = 2a(1 + cose),(a > 0).
Gidi: Mién xac dinh: V. Chu ky clia rtheo pla T = 2z, nén chi xét - © < ¢ < ; mat khac thay ¢ bdi -
@ thi rkhéng ddi (r = r(g) ham chan theo ¢) do d6 dé thi déi xtng qua truc cuc, nén chixét 0 < p <.
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-2 22
Ta cb tanh = = = 220+c0sd) _ % — _cot? = tg(E+2) 9="42
r —2sin¢ 2 s%in%.cosg 2 2 2 2 2
Bang bién thién
2 0 T b
2
r 4a
\ ” \
0 T 3m T
2 4

V& d6 thi vGi 0 < ¢ < 1t rdi v& ddi xiing qua truc hoanh. D6 thi (Hinh 4.14).

\
J 7

v

Hinh 4.14

Vi du 9. Khdo sat va vé do thi cla ham sé r = asin2¢,(a > 0).
Gidi: Ham s8 r tuén hoan véi chu ky T = x, nén chi xét == < ¢ < ~. Mat khac ham s6 1&
theo @ nén chixét 0 < ¢ < g sau d6 18y ddi xing dé thi (vira khdo séat véi 0 < ¢ < g) qua truc

Oy, r6i xoay quay g&c cyc O phan d6 thi (v6i = < ¢ < %) mot chu ky T.

z _r _ asin2¢ _1 2 LN ‘A
Ta cb tgh = = Tacoszp 2th¢. Bang bién thién
@ 0 T T
4 2
r 2a + 0 - -2a
r 0 /a \0
tang 0 ) 0

Trong goc 0 < ¢ < ~ gém mot canh, 1y d6i xting qua truc Oy ta dugc hai canh véi — < ¢ < =

Sau d6 quay quanh géc cuc chu ky T = &, ta dudc toan bd doé thi gom bén canh (Hinh 4.15), dudc
goi la hoa hong bén canh.

)

Hinh 4.15
in 33
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Chuwong 2
PHEP TiNH TiCH PHAN HAM MOT BIEN SO

2.1. Nguyén ham va tich phan bat dinh
2.1.1. Pinh nghia
Dinh nghia 2.1.1. Cho ham s6 f (x)xac dinh trén khodng (a,b). Ham s6 F(x) dudgc goila mot
nguyén ham cla f(x) trén khoang do néu ham F(x) kha vi va F'(x) = f(x) hodc dF(x) =
f(x)dx v&iVx € (a,b).
Néu F(x) la mot nguyén ham cla f(x) thi F(x) + C, (C l1a mdt hang sé tuy y) cing la mot
nguyén ham cla f(x).
That vay, néu F(x) va G(x) la cac nguyén ham cta f(x) thita co
(Fx)— G(x)) = F(x)— G'(x) = f(x) — f(x) = 0,Vx € (a,b),
= F(x)— G(x)= C,Vx € (a,Db),
=>F(x)= Gx)+ C,vx € (a,b).
Vay moi nguyén ham clia ham sé f(x) sai khac nhau mét hang sé.
Dinh nghia 2.1.2.. Gig st F(x) la mot nguyén ham cia f(x) trén khodng (a, b), thi bi€u thirc
F(x) + C, C la mét hdng s6 tuy y, goi la tich phan bét dinh clia ham f (x) trén khodng do.
Ky hiéu [ f(x) dx = F(x) + C.
Trong d6 j goi la dau tich phan, f(x) goi la ham sé dudi dau tich phén, f(x)dx goi la
biéu thic dudi ddu tich phéan va x goi la bién sé ldy tich phén.
Cha y: Moi ham f(x) lién tuc trén khoang (a,b) thi déu c6 nguyén ham trong khoang dé.
Vidu1.
a) [x*dx :§+C.
b) [ cosxdx = sinx +C.
c) f%dx = In|x| + C.
2.1.2. Tinh chat cua tich phan bat dinh
T dinh nghia tich phan bat dinh ta chiing minh dugc mét sé tinh chat sau:
1) (f f(¥)dx) = f(x) hoac (f f'(x)dx) = f(x)
2) [F'(x)dx =F(x) + C hodc [ dF(x) = F(x) + C.
3) [af(x)dx=a | f(x)dx, a — const.
4) [If(x) £ g()]dx = [ f(x)dx + [ g(x)dx.
5) Néuff(x)dx =F(x) +C thi [ f(wdu+C = F(uw) +C,Vv6i u= u(x) batky.
Vidu 2. Tinh
a)l= [(x?—2)%dx; b) ] = [sin(3x+2)dx.
2.1.3. Bang tich phan co ban
S’ dung bang cong thirc dao ham ham sé so clp co ban ta c6 bang mét sé tich phan ca ban:
1) [0dx = C C-const.,
2) [x%dx =Za—:+C,(a¢—1);fdx: x + C;f%:\/;+C.
dx
3 f7:ln|x|+C.
o
4) [a*dx =—+C; [e*dx =e* +C.
5) [cosxdx = sinx + C;
6) [ sin xdx = —cosx + C.

)
)
)
)
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7) fcoi):x =tanxx + C; fsif;x = —cotx + C.
8) f\hd_x7=arcsinx + C = —arccosx + C.

9) f:);cz) = arctan x + C = — arccotx + C.
10) [ chxdx = shx +C; [shxdx = chx + C.
11) fcs:xzthx+6; fsfl:x: cothx + C.

D& tinh tich phan, ta bién d&i ham dudi dau tich phan thanh téng céac tich phan co ban réi ap
dung céng thic ta dudc két qua.

Vidu 3. Tinh
(x+1)2 1—x2 d 3x2d
a)f x\/x_3 dx ; b) f1+; dx; of xz_xaz ; d)f \/%;
d d d
e) f1—czsx; f) f_\/aszsz 8) faz—fxz, h) [ cos 3 x. cos 2 xdx

Nhiéu tich phan khéng thé phan tich thanh téng céc tich phan co ban, ta phai s dung céac
phuong phap sau.

2.1.4. Phuong phap tinh tich phan bat dinh

2.1.4.1. Phuong phdp ddi bién

Dinh 1y 2.1.1. Néu [ g(t)dt = G(t) + Cthi [ g[p(x)]@' (xX)dx = G[p(x)] + C, trong do la
g(@®), p(x), ¢ (x)nhitng ham s6 lién tuc.

Chd y: Trong mét s6 trudng hdp khi tinh [ f(x)dx , néu datx = ¢(t), trong d6 ¢(t) 1a ham s6
lién tuc don diéu c6 dao ham ¢’(t)= 0, ta c6 cong thic [ f(x)dx = [ flp(t)]. ¢'(t)dt.

Tinh tich phan bén phai dugc nguyén ham lahamcla t. Thx = o(t) =t = ¢ 1(x), thay tré
lai dudc nguyén ham cua tich phan xuat phat.

Vidu 4. Tinh
a)I=fCOS\/;dx- b)I = [V1—x.x%dx.
c) I = [(cosx.sinx).V1+sin?xdx. d) 1=f_\/}%-
d X
e) I = [Va?—x%dx, (a > 0). f) 1= fm g) (2024N2) I = fe2i+2 dx.

2.1.4.2. Phuong phap tich phan ting phan

Dinh Iy 2.1.2. Néu cac ham s6 u = u(x),v = v(x) kha vi va u'(x)v(x) co6 nguyén ham trén
khoang (a,b) thi fudv =u.v— [vdu. (1)

Cha y: Khi tinh tich phan bat dinh [ f(x)dx bang phucong phap tich phan tiing phan ta can luu
y: bién d8i f(x)dx = udv sao cho viéc tinh tich phan [ vdu phai dé hon [ udv.

M¢t sé'loai tich phdn sau ddy thuong sur dung phuong phdp tich phan tung phan.

a) Dang [ B,(x).f(x)dx,trong d6 B,(x) la da thiic bac n ddi véi x, ham so f(x)la moét trong
nhimg ham sé sau: Inx,arcsinx,arccos x ,arctanx, arccot x.

Khi d6 ta dat

<
[ln X, dx
|arcsin x, Vl—lxz ’
u = f(x) = larccos x, = du = ?dx,
arctan x, Ly
[arccot X, Trez &%
-1
L1+x2 dx,

condv = P,(x)dx = (ap + ayx+... +a,x™)dx = v = [ B, (x)dx = a,x +%x2+... ﬁx"“.
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b) Dang [ B,(x).g(x)dx, trong d6 P,(x) la da thiic bac n ddi véi x, ham sé g(x)la mét trong
nhiing ham sé sau:

[e%*dx = L de™,
| “
e?,sinbx,cosbx thikhidétadat u = B,(x),con dv= Isinbxdx = —;d(cosbx),

| cos bxdx = %d(sin b x),
c) Dangl= [e*sinbxdx, (1= [e™ cosbxdx).Khidbtadatu = e hodc u=sinbx,
(u = e hodc u = cos b x) trudng hop nay tich phan timg phan hai lan, ta dudc tich phan ban
dau |, gidi phuong trinh déi véi | dugc két qua.
Vi du 5. Tinh cac tich phan sau:
a) I = [arctanxdx.
b) I= [(x+ 1)sinxdx.
) I= [x*e*dx
d) I= [e** cos3uxdx.
e) I = [{x%+a?dx

dx
f) L, IIW,TLEN,H>1.

g) (2020N1)1 = [ arctanyxdx
TU cac vi du trén ta c6 thé bd sung vao bang tinh tich phan mét s cong thiic
1 [ & _ Llarctan®+ ¢ = —Larccoti+ ¢, a=0.
a a a a

a?+x?

d .
f\/aZ—i—xzz arcsmlx—|+C = —arccoslle+C, a=0.

3) [-Z =ilnu+c a #0.

x2—q2

4) [Va?—-x?dx = EVa — x2 +a?2arcsin§+ c, a=0.
5) [x?ta%dx = f\/xz + a? +a—zln |x+w/x2 + a2| +C, a=0.
2 2
6) fm ln|x+\/x ta |+C a=0.
2.1.5. Tich phan ham phan thirc hitu ty
2.1.5.1. Cdc phan thic hiu ty don gian
+ Phan thiic dang x'%a, A, a la hang s8, goi la phan thic don gian loai 1.

+ Dang (k > 1,k e N*) goi la phan thc don gian loai 2.

(x— )k'
Ax+B
x2+px+q
Ax+B

+ Dang ,(A = p2 — 4q < 0) goi la phan thc don gian loai 3.

+ Dang (A <0,k > 1,k e N*) goi la phan thiic don gian loai 4.
Tinh tich phan cac phan thiic don gian:
) [2E =4l 2= Amn|x—a| +C.
Adx

A
[ oor=A x—a)” kd(x—a)=ﬁ(x =t Vo k=23,
Ax+B _ _
(III)foﬂM+ , A =p%—4q < 0.

Ax+B

(IV)fm x, A = pZ —4q < 0,k = 2,3, ..

2

2 g7 ~ « A 2. _ p 2 p
Dé tinh (lll) va (IV), ta bién doi x? + px + q = (x+;) + (q—T),

o _ p 2 _ pz P
datu-x+;,a—q—:,taco
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(Ax+B)dx _ A [ 2 A d A 1 A
(I [Z=== =2 = +(B——p)f ! :;ln(uz+a2)+Z(B—7p)arctan§+C

x2+px+q 27 u2+a? 2 u2+a?

(Ax+B)dx _A 2u _Ap du _ -A 1 _Ap
(V) f(x2+px+q)k T2 f (u2+a?)k +(B 2 )f(u2+a2)k 2(k-1) " (u2+a2)k-1 +(B 2 )-die

(I« dugc tinh theo vidu 5, y f), muc 2.1.4.
2.1.5.2. Dang téng quaét ctia mét ham phén thtic hiu ty

Dang t6ng quat cla mot ham phan thiic hitu ty 1a f(x) = g;—((xx)) trong d6 P, (x), Q,,(x) la nhiing
da thiic bac n, m tuong ng va khéng c6 nghiém chung.

+ Néu n < m thi f(x) dudc goi la phéan thuc hiu ty thuc su.

+ Néu n >m thi f(x) dudc goi la phén thiuc hiu ty khéng thuc su.

Mét ham phén thuc khéng thuc su, bao gid cling biéu dién duoc dudi dang téng cua
mét da thic voi mét ham phén thic hu ty thuc sur bang céch chia tir s6 cho mau s6.

, x®+x5+5x%43x3+5x%4x+1
Vidué6. Cho f(x) = .
- x5+2x3+x

3x*+x3+4x2+1

x5+2x3+x

Trong dai s6 cao cép, ngudi ta chimg minh dudc két qua sau

Dinh Iy 5.1.3. M{t phuong trinh da thire bac m hé sé thuc Q,,(x) = 0 co6 dung m nghiém (thuc
hoac phtrc) ké ca sé boéi va Q,,(x) co thé€ phan tich dugc thanh tich nhiing thira s6 bac nhét va
béc 2 vai biét thirc A< O : Qm(x) = A (x-a)%... (X*+ px+q)s, (A=p?—4q<0),
trong do « la s6 boi clia nghiém thuc x = a, B la s6 boi cac nghiém phire lién hop cla phuong
trinh x? + px + q = 0.

Vi vay mét ham phan thic hitu ty thuc su phan tich dudc thanh téng clia nhitng ham phan thiic
don gian loai 1, 2, 3, 4:

f(x) = Pn(0) _ A1 Az + Aa + B1x+Cy Byx+Ca __Bpgx+Cp
T om0 x—a  (x—a)2 T (x=a)® 7T xZ4px+q | (24px+q)2 T (x2+px+q)B’

Chia tlf s8 cho mau sé ta dudc  f(x) = x+1 +

(2)

trong d6 A4, Ay, ..., A,...,B1, Ci1, B, C2,..., Bs, Csla nhitng hang s dudc xac dinh bang cach quy
ddéng mau sé G vé phai (2) sau d6 ddng nhat cac hé s clia hai da thiic 6 tir s8, ta dugc hé phuong
trinh dé xac dinh chung.

Vi du 7. Hay phan tich cac phan thiic sau thanh téng cac phan thic hitu ty don gian

3xt+x3+4x%+1
a) f(x) T x5+42x3+x
Gigi: Vimaux® +2x3 +x = x(x* + 2x? +1) = x (x? + 1)2 nén
3x*+x3+4x%2+1 _ A | Bx+C Dx+E

fo =2 =t

x5+2x3+x X x2+1 0 (x2+1)2

Quy déng mau sé & vé& phai, sau d6 dong nhat hé s6 cla t sé, ta dudc
3x* + x3 +4x2 +1 = (A+B)x*+ Cx3> + 24+ B + D)x? + (C+E)x + A4,
=A+B =3C=12A+B+D =4C+FE =04 =1,
dodé A =1,B 2,C =1,D = 0,E = —1.

3xt+x3+4x%+1_ 1 | 2x+1 1

Va - .
Ay x5+2x34x X x%2+1 (x%2+1)?
, 3xt+x3+4x%+1
b) Tinh /= [2trtax +1
x5+2x3+x

Giai:Theo Vidu 7,y a) ta co

3x5+x3+4x241 1 2x+1
= [—/———=[zdx+ [ dx — [ ———
x542x3+x x x2+1 (x2+1)2

_ [(ax d(x%+1) dx Lot _ dx
_f x +f x2+1 + fx2+1 Lvai 1> = f(x2+1)2'

Tich phan I, 1a tich phan don gian loai 4, nén ta dugc
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_ x 1 . .
I, = 2D +5arctanx + C (xem Vidu 4, yf)).
A _ 2 — x — l =
Vay I =In|x|+In(x*+ 1) + arctanx 22D Sarctanx + C
_ 2 1 =
=In|x(x* + 1)| + S arctanx e
) x%+1
(x-1)3(x+3)"
2
Gidi: Phantich ————=—"_4 2 4= -

(x-13(x+3)  (x+3) x-1 (x—1)2 + (x-1)3"

Quy déng mau sé chung va cho ti sé bang nhau, ta dudgc
x2+1=Ax—-1)3+ B(x—1)?(x+3) + C(x—1)(x+3),
x24+1=(A+B)x®+ (-34+ B + C)x*> + (34 — 5B + 2C + 3D).

Dong nhat hé sé hai vé déng thitc, ta co

A+B=0-34+B+C=1 34-5B+2C+D=0-4+3B—-3C + 3D =1,

tadudcA = =B = ~,C =3,D = .
" 32 32 8 2
+

. ez x2+1 -5 5 3 1
Khi d6 (x=1)3(x+3)  32(x+3) = 32(x-1) 8(x-1)2 = 2(x-1)3
, 2x2+2x+6
Vi dl,l 8. (2024) fm X.
2.1.6. Tich phan ham vé ty
m p
. A . ax+b\n ax+b\q
1) Tich phan dang: [ R(x, (—Cx+d) ,...,(Cx+d) )dx.
Goi k 1a mau s6 chung nhd nhét cla cac phan s %,...,s; dat Z;‘:Z = t¥, ta s& dua dudc vé

tich phan ham phan thirc hiiu ty.

Vidu9. Tinh
a) I=[= [=dx (x>1)
b) (2020N1)1 = f(z_;‘;—xm

c) (2019N1) I

J(V2x =3+ |1 — x?|7Y?) dx
d) (2017N2)1 = fmdx.
2) Tich phén dang: [ R(x,ax? + bx + c)dx
Sudung phép thé Euler sé dua tich phan da cho vé tich phan cac ham phan thic hitu ty:
+N&ua > 0datvax? + bx +c =t —+vax (hoicvax? +bx + ¢ =t ++ax).
+Né&u ¢ > 0datvVax? + bx + ¢ = xt —+/c (hoic Vax? + bx + ¢ = xt + Vo).

+ NEu ax? + bx + ¢ ¢6 hai nghiém thuc khac nhau x4, x, thi ax? + bx + ¢ = a(x — x;)(x — x3),

dat vax? + bx + ¢ = t(x —x;) hodcvax?+bx+c= t(x —x;).
Vidu 10. Tinh

_ dx — (x—1)dx _ 7dx
) 1= oy DS s QROBND I = [

Mt sé truong hop ddc biét
a) I = [Vax? + bx + cdx , ta bién d6i ax? +bx+c = a(x+%)2+c—b—2.

4a

Détt=x+i:>dx=dtvél=f\/at2+c—b—2dt. Khi d6 I c6 dang
2a 4a

[{m? — y%dy hoac [ /y? + m2dy.

_ dx » dy o dy
b) /= fm, tuong tu a), ta dua vé dang mez———jﬂ hO@C f\/ﬁ
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= (¥ G5t x— = L
) 1= | Ve dat x—a =%

3) Tich phan dang [x™(a + bx™)? dx, v6i m,n,p € Q. Nha toan hoc Nga Trébusep da
chiing minh tich phan trén biéu dién dudc bang cac ham sé so cap chi trong ba trudng hdp sau:
a) p la s6 nguyén, dat x = t°, véi s la bdi chung nhé nhat clia mau sé clia cac phan sé6 m
va n, tich phan sé& dudc dua vé tich phan ham phan thic hitu ty.
b) mTH la s6 nguyén, dat ax + bx™ = t5, véi s 1a mau s6 clia phan sé p.
c) mT“ + p 1a s6 nguyén, datax™ + b =t , v6i s 1a mau s6 clia phan sé p.
Vidu 11. Tinh

_ dx
=] V2 (14372
_ x3dx
b) I =] e

dx
=l o=
2.1.7. Tich phan ham lugng giac / = [ R(sinx, cos x)dx

1
CcCoSx =

w X , .
Patt = tan =, -7 < x < #n, tacdé sinx = —, )
; 2 1+t2 1+t2

TU t =tan> == =arctant =x = 2arctant =dx = ——.
2 2 1+t

Khi d6 ta viét tich phan / dugi dang tich phan ham phan thirc htu ty 1 = fR(
Vidu 12. Tinh
X
a)l= fsinx'
_ dx
b) I= f3cosx+4»sinx
Trong mét sé trudng hap d&c biét khi tinh tich phan dang [ R(sinx, cos x)dx c6 thé dugc tinh
don gian hon.
+ Néu R(—sinx, cosx) = — R(sinx, cosx) |& d6i v&i sinx thi dat cosx = t.
+ Néu R(sinx, —cosx) = — R(sinx, cosx) |& d6i véi cosx thi dat sinx = t.
+ Néu R(—sinx, —cosx) = R(sinx, cosx) chdn ddi v4i sinx va cosx thi dat tanx = t.
Vi du 13. Tinh
a)(2020N1) Tinh I = fﬂdx , (dang R(sinx, —cosx) = — R(sinx, cosx)).

2+sin

2t 1—t2) 2dt
1+t2” 1+¢t2/) 1+t2°

b) Tinh /= f%dx, (dang R(—sinx, cosx) = — R(sinx, cosx)).

c) Tinh I = fi::;dx (dang R(—sinx, —cosx) = R(sinx,cosx)).
Chu y: Moi ham so cép lién tuc déu c6 nguyén ham tic 1a cé tich phan bat dinh, tuy nhién
nhiéu tich phan biét chac chan c6 nguyén ham nhung nguyén ham khéng cé dudi dang ham sé

dx, fe‘xzdx, [ cos x*dx, ...

sinx

sd cdp, chang han: [ —dx, [
2.2. Tich phan xac dinh
2.2.1. Bai toan tinh dién tich hinh thang cong
Xét bai todn: Cho ham s6 y = f(x) lién tuc, duong trén doan [a,b]. Mién gi6i han bdi cac
dudng x = a,x = b,y = 0,y = f(x) dudc goi la hinh thang cong. Hay tinh dién tich hinh d6
(Hinh 5.1).
Truéc hét bang phuong phap gan dang chia [a,b] thanh n phan, khdng nhét thiét bang nhau,
bdi cac diémchiaa = x, < x; <%, <... < x, = b.

X
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U
Hinh 5.1

Ky hiéu Ax; = x;4, — x; 1a d6 dai doan [x;, x;+1],i = 0,1,2,...,n— 1.

Tinh dién tich hinh thang cong th( i, mét cach gan dung, bang cach l1ay mot diém tuy y & trén
doan [x;, x;,1], ta coi dién tich hinh thang cong th(t i gan bang dién tich hinh chit nhat c6 day Ax;
va chiéu cao 1a f(£), v6ii = 0,1,2,...,n—1.

Ky hiéu S, 1a téng dién tich clia n hinh chit nhat do, ticla S, = Y0 £(&). Ax;.

Khi d6 S,,~S véi S la dién tich hinh thang cong AabB.

Ky hiéu A= o Tnax Ax;. NEu n —o, sao cho 1 — 0, ma S, ti€n dan dén mot giéi han hiru han,

<isn-1
khéng phu thudc cach chia doan [a,b], cach chon diém & thi gidi han d6 dudc goi la dién tich hinh
thang cong AabB.

2.2.2. Binh nghia tich phan xac dinh

Dinh nghia 2.2.1. Cho ham s6 f (x)xac dinh trén doan [a,b]. Chia doan [a,b] thanh n phan bét
ky bdi cac diém chia:

a=x < x<x<... <x,=0>b
Pat Ax; = x;pq1 — x;, (i = 0,1,2,...,n—1), trén mdi doan [x; x;,,], 1dy mot diém & tuy y
(i =012..,n—1).
Lap téng I, = Y122 f(&). Ax;, (I, goi la téng tich phan).

Néu khi n — o, sao cho L = ,hax lei—) 0 ma I,, dén téi mét gi6i han hitu han I, khéng phu
thuéc cach chia doan [a,b], cach chon cac diém & elx;, xi44] thi ta goi I la tich phén xac dinh
cua ham f(x) trén doan [a,b].

Ky hiéu I = 51_7)78 YL f(ENAx; = f:f(x)dx, trong d6 a, b goi la can lay tich phan, a la cén
dudi, b la can trén.

N&u tén tai [ f(x)dx thi ta n6i ham s& f(x) kha tich trén doan [a,b].

Tu Binh nghia 5.2.1, ta thdy rang néu f(x) >0 trén doan [a,b] thi dién tich S cla hinh thang
cong AabB (Hinh 5.1) 1a S = [ f(x)dx.

D6 cling la y nghia hinh hoc cla tich phan xac dinh.

Chui y: 1) Néu a < b thi [ f(x)dx = — [ f(x)dx, N&ua=bthi [, f(x)dx = 0.

2) Tich phan xac dinh 1a mét s6, né khong phu thubc vao bién sé 1ay tich phan, tic la
[y Feodx = [ f(tydt = [ fw)du.

Vidu 1. Tinh [ e*dx.

Giai: Ta c6 ham f(x) = e* lién tuc trén doan [0;1].

1

+ Chia doan [0;1] thanh n phan b&ng nhau bdi cac diém chia 0 < % < % <..<1l=Ax=-,

wdy d=te[L ) (= 0,12, n—1).18p 18 Iy = T F(E)Ax; = i .t

n n
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n-—1

1
=1, :%(eo +eF+...+eT) =

1-e _ e-1

n(1—e%) B n(e%—l).
+Khi n >0 thi I, e — 1Vi

1

1
el — 1_1

lim7-(e” —D=1im 1
n—>o n—wo 1

n

Véyfle"dx=e—1.

1 2 n—-1
Vidu 2. Tinh gidihan [ = %1_{210 —y <\/4n2+1 + NrPErTD + -+ m)
Giai: Ta cé ham f(x) = ﬁ,x € [0,1], f(x) lién tuc trén doan [0;1] nén kha tich.

+ Chia doan [0;1] thanh n phan bing nhau 0 < %< % << 1A = Xjpq — X = %
I i+1

+ Chon f,-—e[— T] (i=012,..,n—-1). Taco

n-1

n—-1 % n—-1 i
Izlimz vAx—hm —llmz
N—ooo i:of(gl) i i=0 \/(l) n—-oo 1[4n2 + lz
n

1 d(x? +4) 1
lim =z f :f————:Jﬂ+4 — 52
n-—oo 0V4n2 +i2 n Vx2 + 4 0 2Vx%+4 |0

Luuy: [ = i‘l?oz (x/4nlz+1 + \/4n§+22 ot #;m)] % - %l_r)lgoln

2.2.3. Tinh chat cua tich phan xac dinh

Dinh ly 2.2.1. Néu ham sé f (x) lién tuc trén doan [a,b] thi f(x) kha tich trén doan do.

Dinh ly 2.2.2. Néu ham s6 f(x)bi chan va c6 mét sé hitu han diém gian doan loai 1 trén doan
[a,b] thi f(x)kha tich trén doan do.

Cac dinh ly nay c6 thé chiing minh bang dinh nghia (& day khong chiing minh).

T dinh nghia tich phan xac dinh ta c6 moét s6 tinh chat sau:

1) N&u cac ham sé f(x), g(x) kha tich trén doan [a,b], thi t6ng f(x) +g(x) cling kha tich

trén doan do va

1
n

n-1 i

b b b
JJF ) £ g()]dx = [, f)dx £ [, g(x)dx.
2) Néu ham sé f(x) kha tich trén doan [a,b] thi Cf (x), (C- const) ciling kha tich trén doan d6

va [’ Cf(xydx = C [ f(x)dx.

3) Néu ham s6 f(x) kha tich trén doan 16n nhat trong s6 cac doan: [a, b], [a, ], [c, b] thi
b b
[ fe) = [ fodx + [ f(x)dx.
4) Néu cac ham s6 f(x), g(x) kha tich va f(x) > g(x) trén doan [a, b] thi
b b
J, f()dx = [ g(x)dx.
5) Néu ham s6 f(x) kha tich trén doan [a,b] thi |f(x)| cling kha tich trén doan d6 va
b b
|J7 Feodx| < [71f ()ldx.
6) Néu ham sé f(x)kha tich trén doan [a, b] thi
m (b — a) s [} f(x)dx < M(b - a),
trong d6 m va M la gia tri bé nhat va gia tri I6n nhat clla ham s6 f(x) trén doan [a, b].
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Dinh ly 2.2.3. (Binh ly gia tri trung binh)
Cho ham s6 f(x) lién tuc trén doan [a, b] thi khi d6 3 ¢ < [a, b] sao cho fba f(x)dx = f(c).(b — a),

, 1
hodc ta viét —— fb“ f(x)dx = f(c) véia < b.
a —

18 cosx

Vi du 3. Uc lugng tich phan [ | 0o Vo 9
Gigi: Vi |cos x| <1, nén khi x >10 ta c6 bat dang thic
18 cosx 18 cosx 2 1
1o F=r| < 1y || dx < 81072 < 1071, Vay |
2.2.4. Cach tinh tich phan xac dinh
Cho ham s6 f(x)kha tich trén doan [a, b], xét ham s6 ¢'(x) = f:f(t)dt, a<x<bh. (3)
Dinh Iy 2.2.4. Néu ham s6 f(t) kha tich trén doan[a, b] thi ¢'(x)) la mot ham sé lién tuc trén
doan [a, b].
Dinh ly 2.2.5. Néu ham s6 ¢'(t)lién tuc tai t = x €[a,b] thi ¢'(x)cé dao ham tai x va
o'(x) = [[; f(Ddt] = f(x)
Ta viét dang thiic ¢'(x) = f(x) dudi dang ;—xf;f(t)dt = f(x) (4)
Cong thiic (4) c6 y nghia quan trong, néu ham sé f(t) lién tuc trén doan [a, b] thi khi dao ham
theo can trén x cla tich phan (3) luén bang ham sé dudi dau tich phan trén doan dé.
Dinh ly 2.2.6. (Lién hé gidia tich phan xac dinh va nguyén ham)
Néu ham sé f(x) lién tuc trén doan [a, b] va F(x) la mét nguyén ham cta no thi ta cé

<1071,

f18 cos xdx
10

Newee

[, fedx = F(b) = F(a). (52)
Ta thudng viét [” f(x)dx = F(x) |Z = F(b) — F(a). (5b)
Céng thirc (5b) goi la cong thirc Newton — Leibnitz.
Vidu 4. Tinh
a) I—f e*dx = e* (1)=e—1.

b) (2019N2) [ = f: arccotv3 — x dx.
¢) (2020N2) I = [ In*(3x + 1) dx
)

d) (2018N1) I = [ \/lx? — 9| dx
e) (2018N1) [ = J~7r/2 3sinx+4cosx
- 4sinx+3cosx
Chu y: Trong trudng hgp can |dy tich phan la nhimg ham sé kha vi a(x), A(x) trén doan [a, b],
thi <1 Fmydt = FBE)B'E) — FaG)a'@). (6)
Ching han %f:;zsxtdt = x2.(2x) — (cos x).(— sinx) = 2x3 + cos x.sinx.
Codng thirc (6) la ma rong cla coéng thic (4).
2.2.5. Phuong phap déi bién s& trong tich phan xac dinh
Dinh ly 2.2.7. Xét tich phan f; f(x)dx, vdi f (x) lién tuc trén doan [a, b].
Gia thiét phép dbi bién x = ¢(t) thod man:
1) o(t) kha vi lién tuc trén doan [t t,].

2) o(t)) =a, ¢(t)=D>.
3) Khit bién thién trén doan [t,, t,]thi x bién thién trén doan [a, b].

Khi do ta co: [7 fodx = I OIRAGEE (7)
42



BAI GIANG GIAI TiCH 1 -NHOM 1 GV NGUYEN DINH BiNH

Chd y: 1) Thuan Igi clia cong thiic (7) 1a sau khi d8i bién khéng phai trd lai bién c.
2) Né&u tich phan c6 dang f:f[go(x)]. ¢ (x) dx thita co thé datt = ¢(x), v6i diéu kién
¢ (x) lién tuc, don diéu va cé dao ham ¢'(x) =0, lién tuc trén [a, b].
Vidu 5. Tinh

a) I= folx\/l + x dx.
b) I = foa\/az —x2dx.
_ re dx
c) /= fl x(1+In? x)"
d) I = fon/z sin'®xcos3xdx
néu f(x) [a ham so lé

0
Ve I. Z a —
Chuy:Taco [, f(x)dx = {2 [ FGdx ngu f(x)ia ham s6 chin

Vi du 6. Tinh
a) Tinh | = [* ZUE0E gy
b) Tinh /= 2, —"—dx

2

2.2.6. Phuong phap tich phan timg phan
Dinh ly 2.2.8. Gia str cac ham s6 u(x) va v(x) kha vi lién tuc trén doan [a,b] thi

fabu(x).v'(x)dx = [u(x).v(x)] |Z — f:v(x).u'(x)dx (8a)
Pang thiic (8a) thudng dudc viét dudi dang
f; udv = (u.v) |Z - f; vdu. (8b)

Chu y: Khi tinh tich phan f:f(x)dx bang phuong phéap tich phan tiing phan ta bién déi
J2 feo)dx = [ u(x)dv(x) sao cho [. v(x)du(x) phai dudc tinh don gian hon [ u(x)dv(x).
Vidu7. Tinh

a) I = [, xe *dx; b) Tinh /= [ Inxdx.
p __ relnxd p _ Z xsinx
¢) Tinh I = [ 2= (2021N3) d) Tinh I = f_,, = dx,

p _ gxcosx
e) Tinh / = fg 0% dx. (2022N3)

f) (2020-2)Tim a dé tich phan foa 3* arctan(5 — 3x) dx dat gid tri |&n nhat.
2.3. 'ng dung hinh hoc cua tich phan xac dinh
2.3.1.Dién tich mién phing y A y=f(x) B
1) Trong hé toa dé bé cédc
Theo y nghia hinh hoc clia tich phan xac dinh, thi
dién tich S clia hinh thang cong gi6i han bdi cac dudng

thdng x = a,x=b,a<b; y = 0 va cung do thi

><V

O| a b

y = fO)v6i f(x) 20 (Hinh 5.2) 1a S = [ f(x)dx (9)
Hinh 5.2

Néu f(x) la ham s6 bat ky lién tuc trén doan [a,b], tacd S = f:lf(x)ldx . (10)
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Trudng hop hinh phang gi6i han bdi

A
i)y <fo(x),a<x<b. (Hinh5.3) Y
Ta co
S = [, [f2(x) — A()]dx. (11a)
0 g
Hinh 5.3
Téng quadt
Trudng hop hinh phing gidi han bdi Taco
y=hH);y=f(x)a<x<b. S= ff 1fo(x) — f1(x)|dx (11b)
fi(x), f2(x) € Cla,b]
Trudng hop hinh phang gidi han bdi Taco
x=g:10ix =g c<y<d s= M e -g0ldy (110
9:1(), g2(y) € Clc,d]
Trudng hop hinh phing gidi han bdi Taco
asx<by=0. S= [ 1o W' (tlde (11d)
x= Y(b),y = ¢

Trong dé gid thiét rdng phwong trinh Y(t) = a,d(t) = b ¢ nghiém duy nhét la ty,t,
va PP € Clty,t,]

Vidu 1. Tinh dién tich cia hinh phang gi6i han bdi y = x2 va dudng thdng x + y = 2.

Truong hop, dudng cong cho bdi phuong trinh tham sé6'x = x(t), y = y(t).

Theo cong thirc (9), thay y = f(x) bdiy = y(t),dx = x'(t)dt haicén a,b dudc thay béit,,t,
ing véia = x(t;,),b = x(t,), tacdé S= ftilly(t).x'(t)ldt. (12)

Vidu 2. Tinh dién tich cta hinh

x = acost,y = bsint,a > 0,b > 0.

2) Trong hé toa dé cuc

Dién tich hinh quat cong.

Xét hinh phang 13 hinh quat gidi han bdi
cacduong r=r(p)vacactiay=a, y=p,
Hinh 5.5).

Chia hinh phang thanh n quat nhé bdi cac
tia

Hinh 5.5

A=< 1< @<..< =L
bat Ap=0u1-¢, (i=0,1,2,....,n-1), A=maxAg (0<i<n-1).
Hinh quat con nam gitta hai tia ¢, @+, ¢ dién tich dudc coi gan bang hinh quat c6 ban kinh
(&) véi g < &<@ur, (i=0,1,2,....n-1).

Laptdng S,= XId2r2(§).4¢, ~ S.
Chuyén gi6i han S, khi 4 — 0 ta dudc dién tich hinh quat cong la

S=2Jlr2(p)do. (13)
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Vi du 3. Tinh dién tich cGa hinh phang dudc gidi han bdi dudng hoa hdng bdn canh
r = asin2¢, (a > 0),.
Gidi: Phan tam th(r nhat cla dién tich can tim tuong (ng véi su bién d8i clia ¢ tir 0 dén %.

Vi vay S= 8.%foza2 sin* 2 pd¢p = 4a” [#sin®* 2 pde = 2a* [*(1 — cos 4 p)d¢p =

= 2a’. (4) — %sin4¢)) g = a;—” (dvat).

2.3.2. Thé tich
1) Truong hop téng quadt
Cho vat thé gidi han bdi mat cong kin va nam
gitta hai mat phing x = a,x = b, (Hinh 5.7).
Mot mat phing vudng goc véi truc Ox tai x cét
vat thé vdi thiét dién co dién tich § = S(x).
Chia vat thé thanh n phan bdi cac mat phing
x =x;,(i =0,1,2,...n)
a=2x3 <x <x,< .. <x,=b. >
Pat Axi = x;44 —x;, A = maxAx; 0 <i <n — 1. O a i * Xier b X
Trén méi doan [x;, x;,1] 18y mot diém tuy y
& (i = 0,1,2..,n — 1). Thé tich clia phan vat thé thr i ndm gilfa hai m&t phdng x = x;,x = x;44
(i = 0,1,2...,n — 1) dugc coi gan bang thé tich hinh tru c6 day c6 dién tich S(&,), chiéu cao Ax;,
khi d6 thé tich vat thé dudc coi gan bdng  Vn = Y 1S(E).Ax; =V
Chuyén qua gi6i han Vn khi L — 0, ta dudc thé tich clia vat thé la v = f:S(x)dx. (14)

S(x)

Vi du 4. Tinh thé tich clia vat th& giéi han bdi mat elipxoit, = +% + % = 1.
a Cc Cc
Gigi: Tinh dién tich S cla thiét dién vudng géc véi truc Ox tai diém x, ta cd

2 2 2 N - 2
L i—l—%(xemxnhu’léhéngso),: A ;=1

e (hz) ()

Ta c6 dién tich thiét dién S = S(x) va S(x) = me1—§.c\[1—Z—j=nbc(1—§).

Vay thé tich clia vat thé 1a

v = [% S@)dx = [ mbe(1- Z—z) dx = 2mbe (x — ﬁ) *

D&c biéta = b = ¢ = R thi elipxoit & mat ciu ban kinh R va thé tich hinh cau dé 1a: v = %nR3.

= Zmabc (dvtt)

3a2

Vi du 5. Tinh thé tich vat thé gii han bdi cac mat z = 4 — y2,x = a, (a > 0) va cac mét
phang toa do, 18y mién x > 0,y > 0,(Hinh 5.9).
Gidi: C4t vat thé bdi mat phang vudng goc
v@i truc Ox tai x, ta dudc thiét dién co dién

tich la
S() = ffa-yhdy=(1y-L)|2 =2
Vay thé tich cla vat thé Ia

V= [ S(dx = [ Zdx ===

(dvit).
Hinh 5.9
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2) Thé'tich vét tron xoay
Cho vat thé tron xoay dudc tao bdi hinh thang cong 0 <y <f(x), 0 <x <b, quay xung quanh

truc Ox ,(Hinh 5.10). Khidé S(x) = zf2(x)vaV = nf;fz(x)dx. (15)
Néu vat thé tron xoay dudc tao béi hinh thang cong 0 < x < ¢(v),c < ¥ < d, quay xung quanh
truc Oy thi th§ tich cliané la v = [ ¢2(»)dy. (16)
Y a4

y=f(x)

\

X

%/

Hinh 5.10

Hinh 5.10
Vi du 6. Tinh thé tich clia vat thé duoc tao ra khi hinh gidi han bdi dudng cong y = sinx va
cacdudngx = 0,x = g,y = 0.
a) Quay quanh truc Ox. (Hinh 5.11)
b) Quay quanh truc Oy . (Hinh 5.12)

$ 2. 7 _ - 2 —_ z -2 _E z — —E _l ]
Giai: a)Taco V = [2y*dx =m [2sin®xdx =2 [2(1 2c052x)dx—2(x 2stx)

(dvtt).
b) Tacoy = sinx =x = arcsiny =V =V, — V,
Trong d6: V; la hinh tru day Ia hinh tron tam O, ban kinh r = % chiéu cao la h = 1 c6 thé tich

o NIA
I
I

TL'3
Vi=rz.rr.h= T[— 1=— -
vV, lavat the tron xoay cla hinh gii han bdi x = arcsiny,y = 1,x = 0, quay xung quanh
truc Oy c6 thé 14 V,= ﬂfolxzdy = fol arcsin®?ydy.

2arcsiny

= dy,v = y,tacd
”[yamy|o—f““%’: e o2+ 1 aresiny aT=7)-

_77: =Z _nz
(T el T ) el o

Datu = arcsin2y,dv = dy =du =

Hinh 5.12
Vay thé tich vat thé can tinh 1a V= Vs - Vo == -2 4 (dvtt).
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Vi du 7. (2024N1)Tinh thé tich cla vat thé tron xoay dudc tao ra khi quay hinh giéi han bdi
duong y = (x — 1)(3 — x), y = 0 quay quanh truc Oy mét vong.

Vi du 8. (2019N1)Tinh thé tich clia vat thé tron xoay dudc tao ra khi quay hinh gi6i han bdi
duong y = x? — 3x, y = 0 quay quanh truc Oy mét vong.

Vi du 9. (2020N1)Tinh thé tich cla vat thé tron xoay dudc tao ra khi quay hinh gi6i han bdi
duong y = x?, y = 1 quay quanh truc y = 2 mét vong.

2.3.3. Dién tich mat tron xoay

Cho ham y = f(x) lién tuc, khéng am trén doan [a, b], chia [a, b]thanh n phan bdi cac diém
chia

a =Xy <x1 <% < v <x,=b.
Cac dudng thdng x = x; (i = 0,1,2,..n), cit dudngcongy = f(x) tai M;

ya

Hinh 5.13

Ky hiéu S; 1a dién tich xung quanh cla hinh ndn cut xoay dudc tao bdi doan thdng M; M;,,,i =
0,1,2,..,n — 1quay xung quanh truc Ox. (Dién tich S; x8p xi dién tich xung quanh ctda hinh tron
xoay tao bdi cung M; M, quay xung quanh truc Ox). Ta ¢

Si = ﬂ'[f(xl') +f(xl-+1)]Ml-Ml-+1, [ = 0, 1, 2, e, n = 1.

Trong d6 M; M1 = \/ (Xis1 — %)% + [f (Xi41) — f(x)]%

Theo dinh ly Lagrange, ton tai s6 thuc c; € (x;,x;11), sao cho  f(x;1) — f'(x) =
fe)(ivr — %) = f(c) Ax; . Do d6 S;=7x[f(x)+ f(xir)] 1+ f(c)?Ax, i@ =
0,12,..,n — 1,va

on = N1 Si = LiSo wlf (x1) + f(xis)]y/1 + f(c)?Ax;.

BaL I, = 2eXiS F(E). 1+ F7(E) Ax,
Chuyén qua gi6i han khi n — «, (max Ax; —»0) ta c6 I,tién dan t6i S hitu han (néu cé). Khi d6
dién tich mat tron xoay tao bdi cung y = f(x), (a <x <b) quay xung quanh truc Ox la
S=2z [’ fFOV1+f2(x)dx. (17)
Trudng hop dudng cong cho bdi phuong trinhtham s x = x(t), y = y(t), y(t) 20,a<t <p
quay xung quanh truc Ox thi dién tich mat tron xoay la:

s = 27 [P y(©Jx2(©) + y2(Oadc. (18)

Vi du 10. Tinh dién tich clia mat tron xoay dudc tao bdi cung y = sin2x,0 < x < g quay

xung quanh truc Ox .
Gidi: Tac6S = 2rx fgsian\/l + (sin2x)%dx = 27 [2sin2xV1 + 4 cos? 2 x dx.

Dat cos2x = %:siandx = — idt,x= 0=t =2,x = g =t = —2.Khido
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_ 2
S=2zf, Vi+2(—3dt) =22 VT+2dt =Z[;VT+ 2 +5In(t +VT+ 82| =
2 4 22 2 2 2 2

== (2\/5 +=n \/‘/_;) = ~[2v5 + In(v5 + 2)] (dvat).

Vi du 11. (2019N1) Quay duong Va2 + i/}/_ =4, — 6 <x <6, quay xung quanh truc Ox Tinh
dién tich clia mat tron xoay dudc tao ra.

Vi du 12. (2019N1)Tinh dién tich clla mat tron xoay dudc tao bdi duong tron x2 + (y —2)2 =1
quay xung quanh truc Ox.

2: . 1
Vidu 13 . Tinh dién tich cGla mat tron xoay dudc tao bdi cung elip y = 5\/36 —x2%,—-6<x<6,

quay xung quanh truc Ox.
2.3.4. Db dai dudng cong phing
+ Cho cung AB 1a do thi clla ham s6 y = f(x),a <x <b. Khi d6 d6 dai cung AB dudc tinh
theo cong thiic L= f; 1+ f2(x)dt. (19)

yA

O a b X
Hinh 5.14

Phuong phap chiing minh cong thic (19) giéng nhu (17) .

+Truong hgp dudng cong cho dudi dang tham sé | T3¢ [ = f[” X2(t) + y2(t)dt. (20)
x = x(0),y = yt),a<t<p ¢

+Trudng hop dudng cong chotronghétoaddcuc | Taco L = fﬁ \/r2(¢) Fre(p)de. (21)
r=r(g) a<e<p i

Vi du 14. Tinh d6 dai cung cla dudng cong y = V2 —x2, |x| <1.

Vi du 15. Tinh d6 dai clia duong astroit x = acos3t,y = asin3t,a > 0.

Vi du 16. Tinh d6 dai dudng cong cardiot r = a(1 + cosg).

Tham khado

1. (2021-2) Tinh thé tich cla vat thé tron xoay thu duoc khi quay hinh phang gidi han béi cac
duong y=1+x;y = m guanh truc Ox moét vong.

2. (2019-2) Tinh dién tich cla mat tron xoay tao bai duong tron x2 + (y + 2)2 = 1 quay
guanh truc Ox

3. (2022-2) Tinh dién tich cGa mat tron xoay tao nén khi quay duong y = sinx; % <x<2m
guanh truc Ox.

4. (2022-2) Sr dung so d6 tdng tich phan dé xay dwng cong thirc tinh dién tich hinh thang
conggidihanbdi y = f(x),y =0, x =1; x =5 bi€tham f(x) lién tuc.

5. (2023-2) Tinh thé tich cla vat thé tron xoay tao nén khi quay hinh gidi han bdi dudng cong
y=sinx; 0<x <mvay =0 quanh dudngthingy =1.
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2.4. Tich phan suy rong
2.4.1. Tich phan suy rong c6 can vo han
Dinh nghia 2.4.1. Gid sir ham s6 f (x) xac dinh vx >a, kha tich trén doan [a, A] (A > a,A bét
ky).
Ta goi Alir+n f: f(x)dx la tich phan suy réng c6 céan vé han cla ham f(x) va ky hiéu la
[;7 fGoydx. Vay
+o00 . A
17 feodx = lim ['fG)dx. (22)
Né&u vé phai (22) ton tai htu han 1a / thi ta néi tich phan suy rong (22) héi tu va cé gia trila I
trong trudng hop ngudc lai ta ndi tich phan (22) phan ky.
Tuong tu ta cling c6
b . b
[ fx)dx = Blir_nw Jy f0)dx,

+00 . c . A
72 fedx = lim [ f(dx+ Um [T f(o0dx.
Nhu vay dé tinh tich phan suy réng cé can v han ta tinh

A
f f()dx = F) |2 = F(4) — F(a)

va tim gidi hanAliinm[F(A) — F(aCS].

Trong ky thuat, nhiéu tich phan suy réng chi can biét né ¢ héi tu hay khéng, tir dé tim cach
dé tinh gia tri gan dung cla n6. Ta cé tiéu chuan sau

Tiéu chuan so sdnh: Cung v6i tich phan (22) ta xét tich phan fa+°° g(x)dx, (23)
trong d6 0 < f(x) < g(x),Vx = a, g(x) lién tuc trén [a,A].

NE&u tich phan (23) hoi tu thi tich phan (22) héi tu; néu tich phan (22) phan ky thi tich phan (23)
phan ky.

Chuy:

1) TUr tiéu chudn so sanh, gia st f(x) >0, khi x — oo, f(x) 1a VCB bac 1 > 0 so v6i VCB i nghia
14 f (x) ~zkhi x — 0o N&u 1 > 1thi tich phan (22) hdi tu, con A < 1 thi tich phan (22) phan ky.

2) Trudng hgp f(x) 1a ham sé ¢ dau bat ky khi x > a va f(x) la VCB khi x — oo, ta xét:

+N&u [77|f(x)|dx hoi tu thi [7*° f(x)dx hdi tu va khi d6 ta néi tich phan [T f(x)dx héi tu
tuyét doi va

1,7 feodx| < [[7If ()ldx.
+N&u [ |f (x)|dx phan ky va [ f(x)dx hoi tu thi ta ni tich phan [ f(x)dx bdn héi tu.
Vi du 1. Tinh cac tich phan suy réng sau:

+o00  dx | +o0 dx +o0  dx
a) J an b) -, s o) Jy " e (2023N3)
Vi du 2. Xét su hoi tu cla cac tich phan suy rong sau:
+0o dx . +00 dx
a) fO 14+2x2+3x%’ b) fl x+sin2 x’
Vi du 3. Xét su hoi tu cla cac tich phan suy rong sau:
+00 1—-4sin 2x . +oo sinx
a) [ e 4% b) J, ——dx.

Vi du 4. Xét su hoi tu clia cac tich phan suy rong sau:
a) (2023N1) [7(Vx® +1 - x/x)dx;
b) (2023N1) ["“(In (1 + x*) — 4Inx) dx;
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2.4.2. Tich phan suy réong cia ham khdng gidi noi

Dinh nghia 2.4.2. Gia sir ham f (x) khéng gi6i ndi tai x = b, kha tich trén moi doan [a, b — €]
VOi0<e<b-—a.

Ta goi ngo f:_g f(x)dx la tich phan suy rong ctia ham f(x) khéng gidi ndi tai can trén va ta
co

b . b-¢
o J; fedx = lim [ f(z)dx. (24)

Né&u vé phai (24) ton tai hiru han 1a | thi ta n6i tich phan suy réng (24) hoi tu va cb gia tri la /;
trong trudng hdp ngudc lai ta néi tich phan (24) phan ky

Tuong tu, néu f(x) khong gidi nditai x = ata co f f(x)dx = lzm fa+£f(x)dx.

NéEu f(x) khong gidi ndi tai x = ce(a, b) thi

b c-¢ b
Ja f(x)dx = Siimofa f(x)dx + gl_)imo L+gf(x)dx

Tiéu chuan so sdnh: Cung véi tich phan (24) ta xét tich phan ff g(x)dx, (25)
trong dé g(x) khéng gidi ndi tai x = a, dong thai 0 < f(x) < g(x),Vx € [a, b), g(x) kha tich trén
doan [a, b — €].
+N&u tich phan (25) héi tu thi tich phan (24) hoi tu va fabf(x)dx < fabg(x)dx.
+Né&u tich phan (24) phan ky thi tich phan (25) phan ky.
+TU ddu hiéu so sénh trén ta thay: khie > 0+ 0 thix > b — 0 va f(b) =  la VCL. Do do,
vGi f(x) =0va f(x) Sy )/1, khix —» b — 0 thi f f(x)dx héitu khiA <1 vaphéanky khi 1> 1.

Trudng hop ham sé f(x) c6 dau bat ky Vx € [a, b — €], ta xét:
+N&u [If (x)|dx hoi tu thi [ f(x)dx hdi tu va khi d6 ta néi tich phan [ f(x)dx hoi tu tuyét
dsi.
+N&u [71f(x)|dx phan ky va [ f(x)dx hoitu thi ta néi tich phan [} f(x)dx ban hoi tu.

Vi du 5. Xuat phat tir dinh nghia tinh cac tich phan sau ( hodc chiing minh ching phan ky)
T oax

) fl lnx. b) fO cosx’
Vi du 6. Xét su hoi tu clia tich phan sau
a) [ =—dx.  b)(2023N1) N V”j; ! dx. )(2022N1)f1‘rf‘”£‘)d

Vi du 7. Xét su hoi tu clia tich phan sau:
o sin 2x
a) (2024N6) fO mdx.
+o0oo 1
b) (2024N1) f md%’.

+00  1-cos

X
x5/2\14x2

o arctanx
d) (2020N1) [, o dx
Vi du 8. Xét su hdi tu va tinh (trong truong hgp hdi tu) tich phan suy rong sau:
+o0 2In x+
a) (2024N2) [ D)’
+o0o 2arctan x

c) (2022N1)

b) (2022N3) |[; dx.

f dx
0 xM4yxzm’

c) (2022N1) Timsé thu‘c m > 0 dé tich phan suy rong sau hdi tu
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Chuong 3
HAM SO NHIEU BIEN SO

3.1. Khai niém co ban

3.1.1. Dinh nghia ham s hai bién sé

Mbi diém M thudc R? dudc ky hiéu (x,y) 1a cap s6 thuc co thi tu ( hodc M(x,y)). Khoang
cach gilra hai diém M(x1,y1) va N(x,,y,) dudc xac dinh bdi cong thiic

d(M,N) = /(x1 — x2)% + (y1 — ¥2)?.

Dinh nghia 3.1.1. Xét tap hop khac réng DcR?. Ta goi éanh xa f: D — R 1a ham s6 hai bién
s6 xac dinh trén D; D duoc goi la mién xdc dinh cta ham sé f

Vay ham s6 hai bién f xac dinh trén D 13 mét phép tuong (ng, v6i mbi cap sé thuc ¢ thir tu (x, )
e D cho mot va chi mot s6 thuc ma ta ky hiéuf (x, y), ta cling goi f(x, y) la gia tri cla f tai (x, y).

Tap hop {z eR\ z = f(x,v),(x,y) eD} goi 1a mién gia tri (MGT) clia ham s6 f.

Vidu 1. Tim mién xac dinh va mién gia tri clla ham s6 z = /1 — x2 — y2,

, " LR , " 2 N P JxZ+y2-1
Vidu2. Tim mién xac dinh cua ham sé z = —\Wyz.
X’y

3.1.2. Ham diém, biéu dién hinh hoc ctia ham s& hai bién s&

Gia st cho ham s6 hai bién s6  f:(x,y) » f(x,¥).

M&i cap (x,y) dudc biéu dién bdi mot diém M(x,y) trong m&t phang Oxy, nén co thé xem
ham s6 hai bién s6 f(x,y) la ham cla diém M(x,y) dudc xac dinh  f: M = f(M).

V& mit hinh hoc, v& hé truc toa do dé cac Oxyz, véi mbi diém M(x,y) trong mat phing Oxy
cho (ing v6i mét diém P (Hinh 3.1) trong khéng gian c6 toa dé 1a (x, v, z), trong d6 z = f(x,y) =
f(M). Tap hdp cac diém P khi M thay ddi trong mién D clia mat phang Oxy goi la do thi (biéu
dién hinh hoc) ctia ham s6 z = f(x,y) xac dinh trén mién D. D6 thi clia n6 , néi chung 1a mot mét

cong nao dé trong khéng gian 3 chiéu. A

\ S

Hinh 3.1
Vidu3: Hams6 z = \/R% — x2 — y? biéu dién nua trén mat cau tdm O, ban kinh R (Hinh 3.2).
Ham s8 z = x? + y? biéu di&n mat paraboloit (Hinh 3.3).

Hinh 3.2 Hinh 3.3
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3.1.3. Tap hop mg, tap hop déng

Xét tap hop cac diém cling nam trong mot mat phing. Tap hop D trong mat phang nao doé
dudc goi 1a gidi ndi (hay bi chan) néu ton tai mét mat tron chia D.

Ta goi & - /14n can cla diém M,trong mat phéng la tAp hop tat c& nhiing diém M sao cho
khoang cach d(M, M,) < &, n6i khac di & -1an can clia diém M, |a phan trong cla méat tron tam
M,, ban kinh § (Hinh 3.4).

Diém M cla tap hop D la diém trong cla tap hop dy, néu ton tai moét 1an can nao do clia M
nam hoan toan trong D.

Tap hop D goi la tdp mé (h3) néu moi diém ctia n déu la diém trong.

Piém N dudc goi la diém bién clia tap hgp D néu moi lan can cla N déu vira chita nhiing
diém thudc D, vira chita nhiing diém khéng thudc D (Hinh 3.5).

X

Hinh 3.5
Hinh 3.4

Tap hop D goi la tdp dong (kin) néu né gém tat ca cac diém trong va cac diém bién cla né.
Vidu 4:

a) Cho ham s(“)'zz\/l—Z—z—y—2 a>0,b>0.

2 bZ ’
b) Cho hamsé z = In(x + ).
Vi du 5. Ching minh tap hdp
a) E ={(x1,x3):0 <x; <1,0 < x, <1} 1a md trong R%.
b) E = {(x;,x,):0 < x; < 1,0 < x, < 1} la dong trong R
c) E ={(x1,%):0 < x; < 1,0 < x, < 1} khong la tap mad, ciing khong l1a tap dong trong
R2.
3.1.4. Ham s& n bién s& (n > 3)
Dinh nghia 3.1.2. Xéttap hop 2 € R™. anh xa f:02 — R dugdc goila ham sé n bién sé xac
dinh trén tap hop 0.
Vay ham s6 n bién s6 la phép tuong tng, véi mdi b6 n sé thuc co thirtu (xq, x5, ..., x,) € 2 cho
ta mét va chi mét s6 thuc z xac dinh va ky hiéu z = f (x4, x,,...,x,) hay
fr(x,%0,..0,%0) P 2= f(X1,%,...,Xp)-
B6 n s6 thuc (x1,%,...,X,) tuong Gng véi mot diém M € 2, nghia la M(x1,x,,...,x,) € £,
X1,X3,..., X, 9Oi la toa d6 cla diém M.
Cac khai niém khoang cach, lan can, MXD, tdp déng, md,... cling dugc md réng nhu ham
s6 hai bién s6.
Vidué:
a) Cho ham s6 z= /4 —x2 —y2 —2z2. MXD 02 ={(x,y,2)|x? + y? + z% < 4} |a tap hgp
doéng.

r
x2 y2 z2
Jl‘(a—z%—z*c—z)
Dé don gian ta chi nghién cliu cac dac trung ctia ham sé hai bién s8, con ham s6 c6 sé bién
s6 > 3, néu can ta sé dé cap riéng.

b) Cho ham s6 z = . MXD 0 = {(x,y,2) [+ +% < 1} 1a tap hop md.
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Vi du 7. Tim mién xac dinh clia cac ham s6

a) z=In(x?+y); b)z = ——

Nz
Y inh £ (x + y,x —
el fx+y,x—y).
Vidu 9. Tim ham s6 f(x,y), biétrang f(x +y,x —y) = xy.
3.2. Gidi han va lién tuc
3.2.1. Gi6i han ciia ham sé hai bién sé
Dinh nghia 3.2.1. Ta noi dday diém {M,(x,,v,)} dan téi diém My(xy,v,), néu limx, =
n—e

Vi du 8. Cho ham sé f(x,y) =

X, limy, = y,.
n-e

Ky hiéu p, = \/(xn — %0)2 + (¥, — ¥o)? la khodng céach gitta diém M, (x,,, v,,) va diém M, (x,, y,)
Nhu vay day diém {M,,} dan t6i diém M, khi va chi khi limp, = 0.
n—-oo

Dinh nghia 3.2.2. Gid str ham s6 z = f(x,y) xac dinh trong mét Ian can V nao do cua diém
My (x0,v0) (khéng cén xac dinh tai M,). Ta néi rdng s6 | la gi6i han cua ctia ham sé f(x,y) khi
diém M(x,y) dan t6i diém M,(x,, y,) néu véi moi day diém {M,,(x,, y,)} (khac My(x,,v,)) thudc
lan cén V dan toi di€ém My (x,,v,) ta déu co Limf G, yn) = Uimf(Myn) = L

Khi d6 ta viét lim f(x,y) = hoac lim f(x,y)=1.

X=>Xo (x.y)=(x0.¥0)
Y—=Yo
Hoan toan tuong tu ham s6 mét bién s6 ta ciing dinh nghia cac gidi han sau:
lm fCoy) =cor imfCoy) =1L lmf(xy) = co...
y=¥o y-e yoe

Ciing nhu khi xét gi6i han cla ham s6 mot bién s6, dé chiing td sé / 1a gi6i han cla ham s6
f(x,y) khi x = x4,y = ¥, , theo dinh nghia 3.2.2, ta phai chiing t& moi day diém {M,;} dan t&i M,
thi day {f (M,)} tuong (ng déu cb cgidi han 1a I. Vi vay c6 thé thay bdi dinh nghia khac tuong
duong sau

Dinh nghia 3.2.3. Ta n6i ham s6 z = f(x,y) = f(M) ¢6 gidi han la | khi diém M(x,y) dan téi
diém My(xo, Vo), NEU

Ve > 0,36 > 0:VM(x,y),(x,y) # (%0, V0),
d(M,Mp) = \J(x —x0)2 + (y = ¥0)? < 8 = |f(x,y) — | <.

Cdc phép todn vé gidi han cua téng, tich, thuong déi véi ham sé mét bién sé van diing
cho ham sé nhiéu bién sé.

Vi du 1. Tim céc gidi han:

. xy ; xy

a) lim——; b) lim .
x—0 x“+y x=0 x2+y2
y—0 y—0

Chu y:
+ D&i v6i gi6i han I ta cling c6 thé chiing té khéng tén tai, bang cach cho (x,y) — (0; 0) theo
cac phuong khac nhau clia dudng thdng y = kx, k=0 bat ky.
+ No6i chung cac gidi han 13p (gidi han theo tiing bién riéng biét) néu cé thi khac nhau va
lim (lim fx, y)) + lim (lim fx, y))i lim (%, ).
X=Xo \Y—Yo Y=Yo \X—Xg X=Xo
Y=Yo

Vidu 2. (2019N1) Tim gidi han

nyS

a) lim——— b) lim
) x>0 2x6+3y2”’ ) x-0 x6+y°

y—-0 y—-0
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Vidu3. Tim cécgidi han

. x%siny-y?sinx . , xy?
a) lim— -5 (2024N1); b Lim S
y-0 y—0
c) lim Laey? (1 —cosx); d) lim(1+x )xzixy
x—0 x2 ! x>0 y ’
y—0 y-1
Vidé 4. Tim céc gidihan sau
1 2_.,2
— 1 4\x24y2. A T
a) (2021N1) I )lcl_r)roz(l + 2y*)x+ys; b) [ ;lcll?gx2+y2'
y—0 y—0

Vi du 5. Chiing t6 rang ham s8 f(x,y) = %siny + %cosx ton tai giGi han nhung khéng ton tai
giGi han lap khi x —» «,y — co.
Vi du 6. Chiing to rang ham s6f(x,y) =

x2—y?
x%+y?

ton tai giGi han 1&p nhung khong ton tai gi6i

han kép khix — 0,y — 0.
3.2.2. Tinh lién tuc va gian doan cta ham sé
Dinh nghia 3.2.4. Gig sitham s6 z = f(x,y) = f(M) xac dinh trong mién D € R?, My(x,,y,) €
D. Ham s6 z = f(M) goi la lién tuc tai M,, néu no6 xac dinh tai M, va ton tai giéi han
xligf)f(x, ¥) = f(x0,¥0), hay IéiTlnwof(M) = f(My).
Y—=Yo
Ham s6 z = f(x,y) dudc goi la lién tuc trong mién D néu no lién tuc tai moi diém thudc D.
Vidu 7. Ham s6 f(x,y) = 3x2y + xy — 5x lién tuc tai moi diém (x, y).

Ham s6 f(x,y) = —— lién tuc V(x, y) # (0; 0).

x2%+y?
Ham s6 z = f(x,y) dudc goi 1a gidn doan tai diém M, (x,, y,) Nnéu né khdng lién tuc tai diém
d6. Nhu vay ham s6 z = f(x,y) gian doan tai diém M, néu say ra mét trong cac trudng hop sau:
1) z = f(x,y) khdng xac dinh tai M,.
2) z = f(x,y) xac dinh tai M, nhung khong ton tai gi6i han cta f(M) khi M - M.
3) z= f(x,y) xac dinh tai M, ton tai giGi han n}i%,f(M) nhung n}i%,f(M) * f(My).

lxy|™ . .
Vi du 8. Xét tinh lién tuc cdia ham s8 f(x,y) = {x2+y2 khi(x, y) # (0; 0),
0 Khi(x,y) = (0;0).
trong d6 a la moét hang s6 duong.
4x?y o2 2
Vi du 9. (2024N6) Xét tinh lién tuc ctia ham 8 f(x,y) = {zmyz khi x” +y= # 0,
0 khi (xy) = (0;0).

x34+y3 . .
vl/du 10. ChO hém 86 f(x' y) - {x2+y2 khl(x' Y) * (O: 0)'
a khi(x,y) = (0; 0).

V@i gia tri nao cla a thi f(x, y) lién tuc tai (0; 0).

3.3. Pao ham va vi phan

3.3.1. Pao ham riéng cap mot

Cho ham s6 z = f(x, y) xac dinh trén mién D, diém M (x,,y,) € D. Ta dinh nghia dao ham cla
ham s6 f(x,y) theo bién x tai diém(x,, y,) nhu dao ham thudng clia ham s& mét bién s6 £ (x, y,)
tai diém x = x,.

Dinh nghia 3.3.1. Dao ham riéng cap mét cia ham s6 z = f(x,y) theo bién x tai diém (x,,v,)
la gidi han hiu han (néu co):

lim f(xo+4%,y0)—f (X0,¥0)
Ax—0 Ax ’
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L, pia O , o ' a '
Ky higu 2E2 hoa z, (xo, y5) = 5= (X0, ¥0) = (X0 Yo)-
Tuong tu ta c6 dao ham riéng cap moét clia ham sé z = f(x, y) theo bién y tai diém (x,, y,) 1a

. X0,Yo+4y)—f(xo,
lim f(xoy0+4y)—f( oJ’o).
Ay—0 Ay

Ky higu LE hogc £, (x, o).

Chu y: Khi tinh dao ham riéng clia ham z = f(x, y) theo bién x, ta coi z 1a ham s& mét bién s6

x, coOn y la hang s6. Vi vay quy tac tinh dao ham riéng hoan toan giéng nhu quy tac tinh dao ham
clia ham s6 mot bién s6.

Vidu1.

a) Choz=3x?y%+x+y.Tinh a—j—y tai diém (1;2).

b) Choz=xY,x>0. Tlnha—z Z—;.
c) Choz=xy+arctg;.T|nh6—.

d Choz=x+(y— 1)arcsin\[§ . Tinh Z—)Zc(x; 1.

Da&i véi ham s6 nhiéu hon hai bién sé ta ¢6 dinh nghia dao ham riéng tuong tu nhu trén.

Chu y: Khi tinh dao ham riéng clia ham u = f(x, y, z) theo bién x, ta coi u 1a ham s6 mét bién
s6 x, con y,z la hang s6; theo bién y, ta coi x, z 1a hang s6; theo bién z, ta coi x,y la hang s6

Vidy2.Cho u = xy? + yz? i

2 Tinh cac dao ham riéng cap mot clia ham soé u.
xy—x2

Vidu 3. (20192) Cho hamsé f(x,y) = { x2+y2’ (x,y) # (0,0)

0 ,(x,y) = (0,0)
1) Khao sathamsé f(x,y).

2) Tinh f'),(x, y).

Vidy 4. Cho ham s6 z = xy + 2. Tinh 92 0% \a dz
Vi du 5.

a) Chohams6 z = In(x +/x% + y2). Tinh 22, "—Z va dz(0; 1) .
b) Choham séz = arctg Tinh biéu thiic A = x— +y Z;

Vidu 6. Choham s u = zy Tinh == Ou ZI; ZZ va du .

Vidy 7. Cho ham s6z = yf(x? — 2) trong d6 f(u) la ham kha vi theo u. Chiing minh

, 4 3
Vidys. Chohamsdu="2 —ZEN 4 TV 4 poy gy

x), f(v,w) 1a ham kha vi theo cac
déi s6 cda no. Tinh A :6—u+a—u+a—u—xyz

Vidu 9. Cho ham f(x,y) = xarctg( ) Tlnh (0 1).
Chdu y: Tuy nhién néu ham Z—i(x, y) khéng lién tuc tai (0; 1) thi ta khéng thé thay truc tiép, ma

phai dung dinh nghia.

Vi dy 10. Cho ham f(x,y) = 3/x* + y3. Tinh 2L (0; 0),2—5(0; 0).
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2x

‘ khi(x,y) # (0;0
Vidu 11. Cho ham sé f(x,y) = {x2+y2 i(x,y) # (0;0)
0 khiCx,y) = (0;0).

1) Tinh f.(x,y).
2) Hoi ¢6 ton tai £, (0; 0) hitu han hay khdng?
2xy(x?-y? .
Vi du 12. (2022N3)Cho ham s6f (x, y) = { fc(2+y2y P khix? +y? # (0;0)
0 khi(x, y) = (0;0).
1) Tinh £, (x,y).
2) Tinh f,(0;0).
3.3.2. Vi phan toan phan
Cho ham s6 z = f(x,y) xac dinh trén mién D va M,(x,,y,) € D. Cho x,,y, cac sé gia Ax, Ay
tuong (ng sao cho M (x, + Ax,y, + Ay) € D. Biéu thic
Af (x0,¥0) = f (X0 + 4x,y0 + 4y) — f(x0, ¥0) (1)
dudc goi 1a sé gia toan phén clia ham s6 f tai diém M, (x, Vo).
Dinh nghia 3.3.2. Ham s6 f(x,y) dudc goi la kha vi tai diém M,(x,,y,) néu sé gia toan phan
Af (x0, o) biéu dién dugc dudi dang
Af (x9,Y0) = AAx + BAy + adx + Ay (2)
trong do A,B la nhitng s6 phu thuéc vao x,,y,, cona — 0, — 0 khi M - M, (tic Ax — 0,4y — 0).
Khi do bi€u thire AAx + BAy dudc goi la vi phan toan phan cta ham s6 f (x,y) tai diém My (x,, yo)-
Ky hiéu df (xo,y0) =AAx + BAy. (3)
Ham s6 f(x,y) duodc goi la kha vi trén mién D néu né kha vi tai moi diém clia mién dé.
Chu y 1: N&u ham s6 f(x,y) kha vi tai diém M, (x,, y,) thi né lién tuc tai diém doé.
That vay, cho f(x,y) kha vi tai My(x,,y,), t (1), (2) ta cd Af (x9,y0) = 0 khi Ax - 0,4y - 0,
vay f(x,y) lién tuc tai My (xo, ¥o)-
Chu y 2: D&i v6i ham s6 mét bién s6, néu f(x) cb dao ham f'(x,) thi ham sé kha vi tai diém
d6. Tuy nhién ddi v6i ham nhiéu bién s6 z = f(x,y), su ton tai dao ham riéng tai diém(xo, y,)
chua da dé két luan ham sé kha vi tai diém dé.

Xy .
s ——— khi (x,y) # (0;0
Vidu 13. Cho ham s§ f(x,y) = {xz+yz i (0y) # (0;0)
0  khi (x,y) = (0;0).

Tinh %"f;—i“) Ham s6 c6 kha vi tai diém (0;0) hay khong?

Dinh Iy 3.3.3. Néu ham s6 z = f(x,y) kha vi tai diém M(x,y) thi tai diém do tén tai cac dao
ham riéng %g—; va 2 (x,y) = A,;’—; (x,y) = B déng thoi
0z 0z
dz-an+£Ay. (4)

Chimg minh: Do ham z = f(x,y) kha vi tai diém M(x,y) nén s6 gia toan phan Az c6 thé biéu
dién dudi dang (2).

Cho y khéng d6i (nghia 1a Ay = 0), khi d6 vé trai cla (2) 1a 4z = f(x + Ax,y) — f(x,y) = A,z
goi la s6 gia riéng clia ham sd z theo bién x , con vé phai cla (2) sé 1a Adx + adx. Vay A,z =
AAx + adx hay %CZ =A+a ().

Ayxz

Khi Ax - Othi @ = 0, tif (*) ta c6 A = lim
Ax—0 Ax

_o 5B = lim 2% =
=5 (x,y).Tuong tutacé B = AIJL/T—CLO 2y =

0z
% ).

Nhu vay theo (3) ta dugc dz = 2= Ax + z—;Ay.
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Dinh ly sau cho ta diéu kién di dé ham s& z = f(x,y) kha vi tai M, (x,, yo).
Djnh 1y 3.3.2. Néu ham s6 f(x,y) co cac dao ham riéng f',, f',, & lan can di€ém My (xo, y,) va
néu cac dao ham riéng do lién tuc tai M, thi f (x,y) kha vi tai M, va ta c6
df (%0, ¥0) = f%(X0, Yo)Ax + [, (x0,¥0)AY . (5)
Chung minh: Ta c6
Af (x0,¥0) = f(xo + 4x,y0 + 4y) — f (X0, Y0)
= [f(xo + Ax,y0 + 4y) — [ (x0, Y0 + AY)] + [f (X0, Yo + Ay) — f (X0, Y0)],
St dung cong thiic sé gia gidi néi cho ham s6 moét bién s6, ta dugc
f(xo + 4%,y + Ay) — f(x0,y0 + 4y) = Axf 'y (xo + 614%, yo),
f(x0,y0 +4y) — (%0, ¥0) = Ay[f'y (%0, Y0 + 624Y),
trong d6 0 < 6,,60, < 1. Vicac dao hamriéng f',, f', lién tuc tai My nén
[ (xo + 014x,y¢ + Ay) = f'x(x0,¥0) + @,
[y (x0, Yo + 02:4y) = f'y(x0,¥0) + B,
trong d6 a« — 0, — Okhi Ax — 0,4y — 0. T d6 ta cd Af (x9,y0) = f'x4x + f', Ay + adx + BAy.
Vay f(x,y) kha vi tai diém M,va ta cé (5).
Chd y: Do x,y la cac bién s6 doc lap nén ta cb6 Ax = dx, Ay = dy va
w=%w+%@. (6)
Tuong tu vi phan ctia ham sé ba bién sé u = f(x,y, z) dudc tinh theo cdng thic
df =ZLadx +Z—£dy + 2L dz.
Vidu 14. Cho z = arctg%. Tim dz,dz(2; 1).

Vidu 15. Cho u = xe?"*%. Timdu .

3.3.3. Ung dung vi phan tinh gan ding

Cho ham s6 f(x,y) kha vi tai diém (x,,v,). TU dinh nghia vi phan ta thay s6 gia toan phan Az
va vi phan toan phan dz chi khac nhau mét dai luong adx + fAy trong d6 a — 0,8 - 0 khi Ax —
0,4y - 0 (tcla p = \/Ax? + Ay? - 0 hay adx + B4y la VCB bac cao hon p). Nén khi 4x, Ay co
tri tuyét déi dd nhd, c6 thé coi Az ~ dz va ta co

f(xo + 4%,y + 4y) — f(x0,¥0) = f'x(X0, Yo)Ax + [, (%0, ¥0)AY,
Hay
f(xo +4x,y0 + 4y) = f(x0,Y0) + [ % (X0, Yo)Ax + [y (x0, ¥0) Ay (7)

Cong thic (7) 1a cong thic tinh gan dung bang vi phan ctia ham s6 f(x, y) tai diém (x,, yo) -

Vi du 16. St dung vi phan tinh gan dung biéu thiic 4 = /1,022 + 0,052.

Gigi: Xét ham s6 f(x,y) = i/x2 +y2. Tinh A = f(x, + Ax,y, + Ay), trong d6 x, = 1,y, =

0,4x = 0,02,4y = 0,05. Tacd
2x

f's=rmms [y :ﬁﬁf’x(l;o) =§'f
theo cong thic (7), ta dugc A = /1,022 + 0,052 ~ Y12 + 0% +2.0,02 + 0.0,05 ~ 1,013.
Vi du 17. Dung biéu thdc vi phan tinh gan dung
a) A=31,032+0,022.

b) B = arctg%.

c) (20201) B = /0,963 + 2,032 + 3.

v(1;0) =0,
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3.3.4. Pao ham cua ham sé hop

Dinh nghia 3.3.3. Cho ham s6 z = f(u, v) xac dinh trén mién AcR?, trong dé u, v la cac ham
s6 hai bién s6 doc 1ap x,y: u = u(x,y), v = v(x,y) cung xac dinh trén mién D, c6 tap gia tri trong
A, thi ta néi z la ham s6 hgp clia ham s6 hai bién sé x,y qua hai bién sé trung gian u, v.

Ky hiéu z = flu(x,y), v(x, y)].

Vidu 18. Choz =e*Inv,v6iu =x +y,v = xy, thi z 1a ham s6 hgp va z = e**Y In(xy).

Dinh ly 3.3.3. Néu ham s6 z = f(u, v) ¢6 cac dao ham riéng =~ f f lién tuc trong mién A va

¢6 cac dao ham rieng 2%, %% 2% 9V
o ' 9 % "oy’ ox’ dy
ar ar

ox’ dy

trén mién D, thi trong mién D ton tai cac dao ham riéng

E)f af ou ou of dv
dx oOudx Ovox’
(')f af ou ou  of of v
E)y ou dy O0v ay

Vidu19.Choz =e*lnv,v6iu=x—y,v =xy. TlmE z;.

Chu y: Néu z = f(x,y),y = y(x) thi khi d6 ham s6 hop cla hai ham s6 trén la ham sé mét
bién s6 x, z = f(x,y(x)) . Khi dé ta c6
4 9L 4 O iy

dx ox dy

Vi du 20. Cho z = e***¥*, trong d6 y = cosx. Tim Z—i.

3.3.5. Dao ham clia ham s an

Ham sé 4n mét bién sé. Gia st cho hé thic lién hé gilia hai bién x va y dudi dang

) F(x,y) = 0. (8)

Né&u véi méi x thudc khodng nao do, cé mét (hodc nhiéu) y sao cho F(x,y) = 0, ta ni phuong
trinh (8) xac dinh mét (hodc nhiéu) ham sé &n y theo x trong khoang dé. Nhu vay ham s6 4n y =
y(x) dudc xac dinh bdi phuang trinh (8), néu khi thé n6 vao (8) ta dugc mét déng nhat thic.

Vi du 21. Phuong trinh x2 + y2 = 1 xac dinh ham s64ny = +v1 — x2 hodc y = —/1 — x2cling
c6 MXD 1 [-1:1].

Vay van dé dat ra, véi diéu kién nao thi (8) xac dinh ham s6 4n? Ta c6 dinh Iy sau

Dinh Iy 3.3.4. Gia strtai My (xo,v),F (x4, ¥o) = 0. NEu trong lan cén cla diém M, ham F(x,y)

oF (M") # 0 thi phuong trinh (8) xac dinh mét ham sé é&n

c6 cac dao ham riéng a—F,a—F lién tuc va
dx " oy
y = ¢(x) trong mét lan can nao dé cla x, thoa mon diéu kién y, = ¢(x,), déng thoi trong l1an cén

doé thi ham s6'y = ¢(x) lién tuc, c6 dao ham lién tuc va
dF(Mg)

dy(xg) _ 0x
dx  OFMp- (9)
oy

Vidu 22. Tim y'(x) tai x = 1, néu x?y + x3 + y* =3 = 0.

Vi du 23. Cho ham s y = y(x) xac dinh tr phuong trinh sin(x +y) +y = 0. Tinh y"

Chu y: Dé tinh dao ham clia ham s6 4n y = y(x) xac dinh tir phuong trinh F(x,y) = 0, ta c6
thé dao ham hai vé clia F(x, y(x)) = 0 theo bién x

%—OQF +F',y'(x) = 0, tird6 ta tinh dugc y'(x).

Vi du 24. Cho phuang trinh x? + y? + In(x? + y?) = a?. Tinh y'(x).
Ham sé 4n hai bién sé. Ciing nhu ham s& 4n mot bién s6, ta c6 khai niém ham s6 an hai
bién s6, nghia la (ing v&i mdi cip (x,y) cho ta mét gia tri xac dinh z thda man dang thic
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F(x,y,z) = 0 thi ham z = ¢(x, y) 1a ham &n hai bién s& doc lap x va y dudc xac dinh tir phuong
trinh
F(x,y,z) =0, (10)
dong thai ta cling c6 dinh ly
Dinh ly 3.3.5. Gia st F(xq, yo, Zo) = 0. Néu ham F (x, y, z) trong lan can cia diém My(x,, Yo, Zo)

( o) % 0 thi phuong trinh (10) xac dinh mot ham s6 &n z =

c6 cac dao ham riéng lién tuc va
¢(x,y) trong mét 1an cén nao doé cla (xo,yo) théa man diéu kién z, = ¢(x,,y,), dong thdi trong

1an can do thi ham z = ¢(x,y) lién tuc, c6 cac dao ham riéng lién tuc va

dF(Mg) 9F(Myp)
02(x9,y0) _ _ __ax 0z(x0,Y0) _ _ _ 9y (11)
ox - aF(MO) 4 ay - aF(MO) )

0z 0z
Chu y: Trong cong thic (11) xét tai mot diém cu thé, ta c6 thé thay tai mot diém bat ky, véi
diém d6 cac diéu kién cla dinh ly dudc thda man. Nén ta c6 thé viét
OF oF

9z _  3x 9z _ a3y
9 = " 9Frg, = T aF (12)
0z 3z
62 62

Vidu 25. Cho x3 +y3 + z3 = 3xyz. Tlnh

Vi du 26. (2022N1) Tinh z',(0,1), trong do ham s6 z = z(x,y) xac dinh b&i phuong
trinh e? + xy +z3 = 1.

Vi du 27. (2024N1) Phuong trinh x3 — 8y3 — (x — 2y)? = 0 xac dinh ham s& an y = y(x). Viét
phuong trinh tiép tuyén cta ham sé nay tai diém M (1; —1).

Vi du 28. Tinh Z—i,g—; biét rang yz = arctg(xz).

3.3.6. Pao ham cép cao

Xét ham s6 hai bién s6 doc 1ap z = f(x,y). Cac dao ham riéng g% duoc xét & muc 3.3.1

dudc goi la cac dao ham riéng cdp mét cla hamz = f(x,y). N6i chung chdng ciing la ham sé hai
bién s x va y:

Z'=6—Z:g: (x )
* T ox  ox IV
0z _ 9of _

% =55 = 5y = hCuy).

Né&u cac ham g,h ton tai cac dao ham riéng thi cac dao ham riéng dé dudc goi la cac dao
ham riéng cép hai clla ham z = f(x, y). Tuy theo tht tu 1y dao ham theo bién sé x hodc y ma ta
c6 4 dao ham riéng cap hai va ky hiéu:

3g _ @ (of\ _ 9 P . . »
== E(ai) axj: = for = Zyy, |8y dao ham hai 1an theo bién x.

ag _ af\ _ 0*f _ "o Y ST v A -
3y ay (6x) 3x0y fxy Zyy, I8y dao ham lan th(r nhat theo bién x, l1an th hai theo bién y.

oh af azf " s N , o cx N , . L
Pyl (6y) = ayon = fyx Zyx, lay dao ham lan thr nhat theo bién y, 1an thr hai theo bién x.

on _ o (or\ _ 9 vk i ¢
= E(ai) 6y]; = £, = 7, 18y dao ham hai I&n theo bién y.

Cac dao ham riéng fxy, fyx goi la cac dao ham riéng cép hai hén hop.

Cac dao ham riéng clia cac dao ham riéng cap hai goi la cac dao ham riéng cap ba. Hoan
toan tuong tu ta c6 cac dao ham riéng cép 4, 5,...

Vidu 29. Cho f(x,y) = x?y3 + y2. Tinh cac dao ham riéng cap hai cla f(x,y).
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xyGoy?) _
Vi du 30. (20233) Cho x,y) =1 xiryz Kol (3) # (0:0)

0 khi (x,y) = (0;0).

Chiing t6 rang £, (0; 0) # fy,(0;0).

Trong vi du trén ta thdy réng f,, # fy,, tuy nhién dinh ly sau sé chiing té diéu kién dé hai dao
ham d6 bang nhau.

Dinh ly 3.3.6.(Dinh ly Schwarz) Néu trong lan cén nao do cia diém (x,y) ham s6 z = f(x,y)
co cac dao ham riéng hén hop 2L 2L jign tuc thi L&) _ 9/

; g op oxdy’ dyox ; axdy  dydx
Dinh ly con ap dung cho dao ham riéng cdp cao ctia ham nhiéu bién s6 n>2.
Chd y: Trudng hop dao ham riéng cép cao (n = 3), chang han n = 4 ta cling c6
o*f _ 9*f _  o*f _ 9*f
ax2dydx  dydx3  9xdydx2  9x3dy’

véi diéu kién s6 1an 14y dao ham theo x 1a 3, theo y la 1 (khéng ké th{r tu).

Vidu 31. Cho u = x2e¥*"%". Ta cb

a%u a3u a%u 2_,2 23%u a%u o3u 2_,2
= = = — ye-z — — — ye—z
0xdydz  0ydzdx  3z0xdy 8xyze ' 9xdydx  dydx?  0x2dy 4ye )
, . Y . . 92 02 92
Vi du 32. Cho ham z = xex + sin=. TlnhAzx2 Z+2 Xy — 222
- y ax0y 9%y
Vidu 33. Chohamu = f(r), r = \/x% + y? trong do6 f(r) 1a ham kha vi dén cap hai. Tinh
62
A= 6x2 ayz '

Vi du 34. Cho ham u = In(1 + z) trong d6 z = xy,/x? — y2. Tinh
0%u ou
A= (ax2+azy) 02 —x)(1+2)? —x+

Vi du 35. Cho ham s6 y = y(x) xac dinh t&t PT 1+ xy — In(e™ +e™* ) = 0. Tinh %'%‘

ou
oy’

3.3.7. Vi phan cép cao

Xétham s6 z = f(x,). Tac6 df (x,y) = Lo dx + 2 g’;” dy néu tén tai goi la vi phan toan
phén cdp moét clia ham s6 z = f(x,y). Noi chung df(x,y) ciing 1a ham sd cla hai bién sd x va
y. Vi phan toan phan clia df(x,y) néu t6n tai, dudc goi la vi phén cap hai clia ham s6 f tai diém
(x,y) va ky hiéu la d?f (x, y).

Vay g2 _ ded _ (e g L )

ayd*f(x,y) = d(df(x,y)) = d(=~dx + 3y ).
Ti€p tuc qua trinh trén ta dinh nghia cac vi phan cap cao hon

> f(x,y) = d@d*f(,¥)),...., A"f (x, ) = d(@" ' f (x, ).
Ta tim cong thiic tinh d?f(x,y). VGi x, y la cac bién s6 doc 1ap nén dx = Ax,dy = Ay la cac
hang s6 khéng phu thudc vao x va y , do d6

de(x’y) — d(af(xry) dx + 6f(x,y) dy —

_ af (x,y) 6f(xy) of (x,y) of (x,y) _
6x( 2 iy 4 L22 dy)d + 2 ( o2 dx + dy)dy_

_ 26 sy , Pro rte)
(d )2 ( 0xdy + dydx )d dy+ (dy)z

azf(x,y) _ azf(x,y)
oxdy d0yox

Gia thiét cac dao ham riéng hén hop lién tuc ta co , va ky hiéu

2 _ .2 2 _ 402 thi 42 _ % fxy) 5 2 %f(x,y) ?f(xy) ;. 2
(dx)* =dx*, (dy)* = dy* thid*f(x,y) = Py dx* +2 ax0y dxdy + ay? dy“. (13)
Vidu36.Cho u=ylnx. Timd?z.
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Chdi y: Trong trudng hop x, y khdng phai la cac bién sé doc lap (ham hop):
= f(x,y) trong d6 x = x(s,t),y = y(s,t),

thi cong thic (13) khéng con dang nia vi khi nay dx vé dy cling 1a ham s6 cla s va t, khi dé
cong thiic (13) c6 dang  d2f = & Ldx?+2-L o L - dxdy -0t dy +2L a7y + "’fdzy (14)

Trong cong thic (14), khi x, y Ia cac bién s6 dQc lap th| dx, dyla hang s6 nén d?x = 0,d%y =0
cong thic (14) trg thanh (13).

Vi du 37. (20233) Cho ham s6 sau f(x,y) = xe”.Tinh d2f(1,0).

Vidu 38. Cho z = x¥*. Tinh dz.

Vi du 39. Cho u = x¥*%. Tim du.

Vi du 40. Tim vi phan cla z = (x +y) n(x? +y? + 4) + x\/x%2 + y2 + 4 tai M(0; 1) Gng Véi
Ax = Ay = 0,01.

Vidu 41. Choham z = arctgg . Tinh d2z.

3.3.8. Cong thirc Taylor

Gia strham s6 z = f(x,y) c6 cac dao ham riéng dén cap n + 1lién tuc trong mét lan can nao
dé chla diém My (x,, y,). N&u diém M, (x, + 4Ax,y, + Ay) cling thudc |an can trén thi ta cé cong
thiic Taylor d6i v8i ham sé hai bién s6 z = f(x,y) la

1
f(x,y) = f(x0,¥0) + df (X0, ¥0) + dzf@‘o:)’o)"‘
+—d™f (xo, Yo) + (nﬂ),d"“f(xo + HAx yo+04y),0<6<1. (18)

trong d6 Ax = x — x5, 4y =y — y,.

Vi du 42. Khai trién ham f(x,y) = x3 — 5x% — xy + y? + 10x + 5y — 4 theo céng thiic Taylor
trong lan can diém (2; —1).

Gidi: V6i xy = 2,y, = —1,tacd f(x0,y,) = f(2;-1) = 2,

LoD =3x? —10x -y + 10> LZ D =3, TED - x4 oy 155 0ED -,
0%/ (xy) _ of22-1) _ ., 92 1) Of2@2=1) _ 5 9%(xy) _ 4 _ 0f*@-D _ _
LOY) — 6x—10 L2 =, =258 = BN - 150
@) _ ¢ 00D _ o e _ o _o
dx3 ’ 9x2dy 7 9xdy? dy3 ’

Ax =dx=x—-2,Ay=dy=y+ 1.
Céac dao ham riéng clia ham f(x,y) cap I6n hon va bang 4 déu bang khéng, do d6 ta cb
khai trién Taylor ctia ham £ (x,y) tai diém (2; —1) la
f,y)=2+3x-2)+@+D+x-222-x-2)(y+ 1D+ y+1)?%+ (x—2)>
Vi du 43..(2023N1) Tim hé s8 x°y? trong khai trién Maclaurin cla ham s8 z = e®In (1 + x).
Vi du 44. Khai trién ham f(x,y) = y* theo cong thiic Taylor dén bac hai trong lan can diém

(1; 1).

Vi du 45. Khai trién ham f(x,y) = e* siny theo cong thiic Taylor dén bac ba trong lan can
diém (0; 0).

3.4. Cuc tri

3.4.1. Cuc tri cua ham sé nhiéu bién sé

Dinh nghia 3.4.1. Gia st ham s6 z = f(x,y) c6 mién xac dinh la DcR?* . Ham sé goi la dat cuc
dai tai di€ém M (x,,y,)€ D, néu véi moi di€ém M(x,y) trong mét Ian cén nao do cda diém M,
(nhung khac M,) ta c6 f(x,y) < f(xq,¥Y0)-
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Ham s6 z = f(x,y)goi la dat cuc ti€u tai di€mM ,(x,,v,), néu véi moi diém M(x,y) trong
mot 1an cdn nao do cla di€ém M, (nhung khac M,) ta c6 f(x,y) > f(xo, Yo)-

Gia tri cuc dai, cuc tiéu goi chung 1a cuc tri clia ham s6. Diém M, tai d6 ham s dat cuc tri goi
la diém cuec tri ctia ham sé va la cuc tri dia phuong.

Chd y. Tai diém cuc tri M y(x,,y,) gia tri Af = f(x,y) — f(x0, x,) khéng d6i ddu trong mot
lan can nao dé clia M,. N&u Afco gia tri d6i d&u thi M, khong l1a diém cuc tri.

Dinh 1y 3.4.1. Néu ham s6 z = f(x,y) dat cuc tri tai di€ém M ,va tai di€m do t6n tai cac dao

Of(Mo) _ o 9f(Mo) _
P =0, 3y = 0.

Chimg minh: Vi ham f dat cuc trj tai di€ém M,, cho nén néu ¢ dinh y = y,thi ham s6 f(x,y,)

ham riéng Z—i, Z—j: hitu han thi cac dao ham riéng do bang khéng:

dat cuc tri tai x = xy. Vi dao ham riéng % tén tai, do d6 n6 phai bang khéng theo dinh ly

Fermat. Tuong tua%f") =0.

Diém M, (x,,y,) cb toa dd thda man cac dao ham riéng bang khéng ho#c khéng ton tai dao
ham riéng dudc goi la diém tdi han ( d6 |a nhitng diém nghi ngd c6 cuc tri). Diém ma tai d6 co6
cac dao ham riéng bang khéng dudc goi la diém dimg.

Dinh ly 3.4.2. Giad st ham s6 z = f(x,y) co cac dao ham riéng dén cép hai lién tuc trong mot
I&n can nao dé cda diém My (xo,yo) va Myla diém ding cla ham sé.

Ky hIéU A= 62f(xo,yo) _ azf(xo'J/o) _ azf(xOJ’o).

axz2 ' oxoy '’ dy?

Khi dé tai M,
1) Nu B? — AC < 0, thi ham s6 dat cuc tri tai M. D6 la cuc dai néu A<O0, la cuc ti€u néu A>0.
2) Néu B? — AC > 0, thi ham sé khéng dat cuc tri tai M.
3) Néu B? — AC = 0, thi chua két ludn dugc ham sé co ( hay khéng) dat cuc tri tai M.
Vay dé tim cuc tri cla ham s6 z = f(x, y) ta ti€n hanh theo cac budc:
1)Tim MXP va diém diing thudc MXD cla ham z = f(x,y), d6 1a nhiing diém

oY) _
My, (x, Vi), (k = 1,2,3,...) cb toa do thda man hé phuong trinh af?;y) 0
ay -

*f(xy) 0%f(xy) 9%f(xy)
ox2 ' oxdy ' oy?
A= 0% f (X Yi) _ 0% f (X Y1) _ 0% f (XrYr)

oxz2 '’ oxdy ’ dy?

+Né&u B2 — AC < 0, ham s& dat cuc tri tai M. D6 1a diém cuc dai néu A<0, |a diém cuc tiéu
néu A>0.
+Néu B? — AC > 0, ham s6 khong ¢6 cuc tri tai M.
+Néu B? — AC = 0, chua két luan (phai tim bang cach khac).
3) Két luan diém cuc tri, tinh gia tri cuc dai, cuc tiéu cla ham s6 (néu co).
Vi du 1. Tim cuc tri cla ham s6 z = x3 + y3 — 9xy.
Gidi: MXD V(x,y) € R
+Diém diing cla ham sé c6 toa dd 1a nghiém ciia hé phuong trinh
4(—0]0;9;,)1) =3x2 -9y =0,
if (x,y)
t ay
Giai hé trén ta dudc hai diém ding M, (0; 0) va M,(3; 3).

2)Tinh cac dao ham riéng cap hai va tai mbi diém My tinh

3y2 —9x = 0.
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+Tinh cac dao ham réng cép hai
2 2 2
Oy _ gy OSXY) g OTSCY) _ 6.

d0x2 ’ axoy ' 9y2

Tai diém M, (0; 0) ta ¢
_ 9% (0;0) _ _ 9% f(00) _ _ 9% 7(0,0) _
A= 0x2 =08 = axdy 9,C = dy? =0,
do d6 B% — AC = (—9)? — 0 = 81 > 0=diém M, (0; 0) khong la diém cuc tri.
Tai diém M,(3;3) ta ¢

A=2063 _3_1gp UG _ g, _2CD_g3_qg

0x2 ax0y ay?
ta c6 B2 — AC = (—9)% — 18.18 = —243 < 0, ham s6 dat cuc tri tai M,va do A = 18 > 0=diém
M,(3; 3) la diém cuc tiéu.
+Vay ham sé dat cuc tiéu tai diém M,(3;3) va gia tri cuc tiéu 12 z,,;, =
Vi du 2. Tim cuc tri cla ham s6 z = 6xy + (47 — x — y) (4x + 3y).
Vi du 3. Tim cuc tri cla ham s6 z = x* + y* — x? — y% — 2xy.
Vi du 4. (2024N6) Tim tat ca cac diém cuc tri clla ham sé f(x,y) = §+ % - %
Vi du 5. (2023N3) Tim cuc tri ctia ham sé f(x,y) = y? — 2xy — x2.

of xy)
L — 0
HD: +Tim diém diing clia ham s& bang cach gidi hé phuong trinh af‘z;"y) ; M(0;0)
oy 0
, . \ A ~ . _9%f(0;,0) _ _9%f(0;,0) _ _9%f(0;0)
+Tinh cac dao ham réng cap hai A = 0z = 2,B = Iy 2,C = P 2,

va B? — AC = 0 do d6 chua két luan dugc. Ta tién hanh nhu sau: xét dau
Af = f(x,y) — f(0;0) = y? — 2xy — x2.
Véi x,ydldgan Otachonx =0,y = % khidé Af = f(O,%) > 0. Mat khac ta chon x =
0, khi d6 Af = f(%,o) <0.
Nhu vay tai 1an can diém M, (0; 0) gia tri Af d6i dau, tiic 1& ham s6 khéng c6 cuc tri tai M;.

Sl=

Yy =

Vi du 6. Tim cuc tri clia ham s6 z = e* *Y* (2x% + y2).

Vi dy 7. Tim cuc tri clla ham s6 z = x* + y* — x2 — 2xy — y2.

Vidu 8. Tim a, b, c d& ham s8 z = x® — 2y® + ax + by + ¢ dat cuc tri tai diém M(—1;1) va
z(M) = 6.

Vi du 8. Tim cuc tri clla ham s6 z = 4 — /(x2 + y?2)2.

Gidi: MXD :¥(x,y) € R-

Ta tim diém diing cGia ham sé tir hé phuong trinh

I(af(x,y) _ —4x _ 0
J ox 33/x% + y2 ’
) 4y

L 9y  3%x2 + y2 B
Hé nay vé nghiém. Tuy nhién x = 0,y = 0 khdng phai la nghiém clia hé trén, nhung theo dinh

PO _ 0,799 _ . Do d6 diém 0(0; 0) van la diém dimg clia ham

s6. Vi cac dao ham riéng cap hai khong lién tuc tai 0(0; 0) do d6 ta khong thé tim A, B, C tai
0(0; 0). Ta xét
Az = z(x,y) — 2(0;0) = 4 — /(x2 + y2)2 — 4 = =/ (x2 + y2)2 < 0,V(x,y) # (0;0).

Vay ham s6 dat cuc dai tai 0(0; 0) va gia tri cuc dai la z,,4,.

nghia dao ham riéng ta c6
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3.4.2. Cuc tri c6 diéu kién

Trong muc 1.4.1 ta da xét cuc tri clla ham s6 z = f(x,y) vGi x va y bién thién doc lap trong
MXD cla n6 va goi la cuc tri khéng co diéu kién.

Trong muc nay ta xét bai toan tim cuc tri ciia ham s6 z = f(x,y),(x,y) € D cR% (19)
trong d6 cac bién s6 doc lap x va y co lién hé v6i nhau badi diéu kién ¢(x,y)=0. (20)

Cuc tri tim dudc goi 1a cuc tri ¢ diéu kién.

D& giai bai toan nay, Lagrange tién hanh nhu sau:

1) Lap ham s6 @ = f(x,y) + Ap(x,y), (21)

trong d6 Ala tham s6 chua dudc xac dinh.

[ () + A9 (x,9)=0
2) Gidi hé phuong trinh { ' (x,) +A¢ (x,»)=0 (22)
p(x,y)=0

ta dudc cac diém ding; chang han M, (x;,y,) Gng Vi A, M,(x,, y,) (ng Véi A, ...
3) Kiém tra diéu kién da déi véi ting diém ding:
al D6i véi diém M, (x1,y,), ta xét Af|M; = f(x; + Ax,y; + Ay) — f(x1,v1), trong db Ax, Ay
lién hé bdi dang thitc ¢ (x; + Ax, v, + 4y) = 0.
Né&u Af|M,; > Oham s6 dat cuc tiéu tai M;; néu Af|M; < Oham s& dat cuc dai tai M;.
b/ Daéi v6i cac diém M,, Ms,..(néu cb) ciing dudc tim tuong tu.
Phuong phap tim cuc tri cGa bai toan (19) vai diéu kién (20) nhu trén goi la phuong phap nhén
tlr Lagrange.
Vi du 9. Tim cuc tri cla ham s6 z =3x + 4y véi diéu kién X2+ y2 =1.
Giai: Theo phuong phap nhan ti Lagrange, |ap ham
®=3x+4y+A(x>+y2—-1), p(x,y)=x2+y?—1=0
ta c6 hé phuong trinh

0P
[ Zos342mx=0
ox
4 4420y =0
I ay_ Y=
t x,y)=x*+y*—1=0
Giai hé trén ta dugc diém dl‘mng( )u’ngvdllll—— dlemdu’ngMz( )ungvdlllz— .

AfIMy = [3(=2+ Ax) + 4(—= + 4y)] — [3(—2) + 4(—D)] = 34x + 44y.(")
Ma ¢|M; = (=2 +4x)% + (3 + Ay)? — 1 = 0, v8i My (—= + Ax; —= + Ay),

hay

Ax2 + A +9+16 6A +8A 1=0 o =(34x + 44 Ax? + Ay?
xy25255x5y (x y) = A4x* + Ay

© 34x + 44y = E(Ax + Ay ). ()
Thay (**) vao (*) ta dugc Af|M; =2 (4x? + Ay?) > 0.

Ham s6 dat cuc tiéu tai M, va z,;,, =.
Hoan toan tuong tuta c6 Af|M, < 0. Ham sé dat cuc dai tai M, va z,q,=

Vay z c6 mét diém cuc tiéu M, ( 2 ) va mot diém cuc dai M, (5 :)
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Chui y. Néu tir didu kién (20) ta xac dinh dudc y = y(x) don tri, thé y = y(x) vao (19) ta dudc
ham s6 mot bién s6 x : z = f(x, y(x)).

Khi d6 tr& vé xét bai toan tim cuc tri ham s6 mét bién sé.

Vi du 10. Tim cuc tri clla ham s6 z = \ll—xz —y2 (*) véi diéu kien x+y—1=0

Vi du 11. Tim cuc tri cla ham s6 z = x2 + y2 vdi diéu kién §+ § =1.

3.4.3. Gia tri I6n nhat, bé nhat cia ham s6 trong mién déng va bi chin

Ham sé f(x,y) lién tuc trén mién déng va bi chan D thi dat dudc gia tri I6n nhat (LN), bé nhat
(BN) trén mién d6. Néu ham s6 dat dudc gia tri I6n nhat, bé nhat tai mot diém trong ctia mién D
thi diém d6 13 diém cuc tri cia ham s6, do d6 la diém t6i han ( tdc | nhing diém tai d6 f; =
0, f, = Ohodc khéng ton tai it nhat mot dao ham riéng). Tuy nhién ham sé f(x,y) c6 thé dat gia
tri 16n nhat, bé nhat trén bién oD.

vay dé tim gia tri 16n nhat, bé nhat clia ham sé f(x,y) trén mién déng va bi chan D, ta can
phai:

1) Tim cac diém nghingd trong mién D (diém dimg, diém khong ton tai it nhat mét trong cac
dao ham f; hoac f,).

2) Tim cac diém nghi ngd trén bién aD.

3) Tinh gia tri cla ham sé tai tat ca nhimng diém nghi ngd trong D va trén bién aD, t&r d6 suy
ra gia tri 16n nhat (LN) va bé nhat (BN) cla ham sé f(x,y) trén mién D.

Vi du 12. Tim gié tri 16n nhat, bé nhat clia ham s6 z = x2 + y? trén mién tron (x —v2)2 + (y —
V2)2 <09,

Gidi: 8 day mién D dudc gidi han bdi dudng tron (x — v2)2 4 (y — v2)% = 9, ké ca nhiing diém
trén dudng tron.

Tim di€ém duing clia ham z = x? + y2trong mién tron D. Ta c6 z; = 2x,z, = 2y do d6 ham s&
c6 diém diing M, (0; 0) (diém trong ctia mién D).

Ta tim cac diém nghi ngd trén bién, nghia |a xét cuc tri cla ham sé z = x2 + y2vdi diéu kién
(x—=V2)2+(y —-V2)? =09.

Bang cach lap ham @ = x% + y? + A[(x — v2)? + (¥ — v2)? — 9] d&n dén giai hé phuong trinh

x+A(x—v2)=0
y+ay—-v2)=0
(x=V2)P+ (y = V2)? =9
V2 2

) ung véi A, = —g, M, (—7,—7)L'rng véi 1, = —g.

ta duge hai diém ding M, (22,2

Tinh z(My) = 0, z(M;) = 25 va z(M,) = 1.

Vay ham s6 dat dudc gia tri I6n nhat z,y = z(M;) = 25 va dat gia tri bé nhat zgy = z(0;0) = 0

Vi du 13. Tim gia tri I6n nhét, bé nhat clla ham s6 z = x? — y? trong mién déng x? + y? < 4.

Vi dy 14. (2023N1) Tim gia tri [&n nhat cda ham s6 sau z = x% + 2xy — y? trong mién D =
{(x,y) ER|x? +y? < 1}.

Vi du 15. Tim gia tri I6n nhat, bé nhat cia ham s6 z = x?y + xy? — 3xy trong mién déng 0 <
x<2 0<y<2.

65



